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Abstract 

There exist three main approaches to reduction associated to canonical Lie group actions on 
a symplectic manifold, namely, foliation reduction, introduced by Cartan, Marsden-Weinstein re- 
duction, and optimal reduction, introduced by the authors. When the action is free, proper, and 
admits a momentum map these three approaches coincide. The goal of this paper is to study the 
general case of a symplectic action that does not admit a momentum map and one needs to use 
its natural generalization, a cylinder valued momentum map introduced by Condevaux, Dazord, 
and Molino |CDM88| . In this case it will be shown that the three reduced spaces mentioned above 
do not coincide, in general. More specifically, the Marsden-Weinstein reduced spaces are not sym- 
plectic but Poisson and their symplectic leaves are given by the optimal reduced spaces. Foliation 
reduction produces a symplectic reduced space whose Poisson quotient by a certain Lie group asso- 
ciated to the group of symmetries of the problem equals the Marsden-Weinstein reduced space. We 
illustrate these constructions with concrete examples, special emphasis being given to the reduction 
of a magnetic cotangent bundle of a Lie group in the situation when the magnetic term ensures 
the non-existence of the momentum map for the lifted action. The precise relation of the cylinder 
valued momentum map with group valued momentum maps for Abelian Lie groups is also given. 
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1 Introduction 

Let (M, Lu) be a connected paracompact symplectic manifold acted upon properly and canonically by a 
Lie group G. In this paper it is assumed that the G-action is free; the non-free case is the subject of 
|()R,05j . Let be the Lie algebra of G and g* its dual. Assume for the moment that the action admits a 
standard equivariant momentum map 3 : M ^ q*. There are three main approaches to the symmetry 
reduction of (M,lu) by G that yield, up to connected components, the same spaces: 

• Foliation reduction C22 : consider the fiber 3~^{fj,) and the characteristic distribution D = 
ker T3 n (ker T3)'^ on it; the upper index w on a vector subbundle of TM denotes the w-orthogonal 
complement. The symplectic structure of {M,uj) drops naturally to the leaf space 3~^{/j)/ D. 

• Marsden-Weinstein reduction |M W74j : let be the isotropy subgroup of the element /i G g* 
with respect to the coadjoint action of G on g*. The orbit manifold J^^(//)/Gp inherits from 
(M, w) a natural symplectic form a;^ uniquely characterized by the expression i'^uj = tt'^lu^, with 
V • ^ M the inclusion and tt^ : J~^(^) 3~^{fi)/Gf_i the projection. 

• Optimal reduction |OR,n2l IOf)2] : let be the distribution on M defined by A'^ {Xf \ 
f e C°°{M)'-^}. The distribution A'q is smooth and integrable in the sense of Stefan and Suss- 
mann |St74al ISt74bl I5u73] . The optimal momentum map : AI — > M/A'q is defined as the 
canonical projection onto the leaf space of A'q which is, in most cases, not even a Hausdorff 
topological space, let alone a manifold. For any g E G, the map ^'g(p) = J^{g ■ m) E M/A'q de- 
fines a continuous G-action on M/A'q with respect to which is G-cqui variant. The orbit space 
Mp := J~^(^p)/Gp is a smooth symplectic regular quotient manifold with symplectic form ujp char- 
acterized by 7r*Wp = where TTp : J^^(^p) — > J^^{p) / G p is the projection and ip : J^^{p) ^ M 
the inclusion. 

These reduction theorems are important for symmetric Hamiltonian dynamics since the flow associated 
to a G-invariant Hamiltonian function projects to a Hamiltonian flow on the symplectic reduced spaces. 

Our goal in this paper is to carry out the regular reduction procedure for any symplectic action, even 
when a momentum map does not exist. As will be shown, the three approaches to reduction yield spaces 
that are, in general, distinct but that are non-trivially related to each other in very interesting ways. 
Our results are based on a key construction of Condevaux, Dazord, and Molino |CUM88l naturally 
generalizing the standard momentum map to a cylinder valued momentum map K : M — > x T^, 
a, 5 G N, that always exists for any symplectic Lie group action. The cylinder R" x is obtained as 
the quotient Q* /TL: with Ti a discrete subgroup of (g*,-!-) which is the holonomy of a flat connection 
on the trivial principal fiber bundle tt : Af x g* ^ M with (g*,+) as Abelian structure group. This 
flat connection is constructed using exclusively the canonical G-action and the symplectic form a; on M 
thereby justifying the name Hamiltonian holonomy for Ti.. 

The main result. Let {AI,lo) he a connected paracompact symplectic manifold and G a Lie group 
acting freely and properly on it by symplectic difjeomorphisms. Let K : M ^ 0*/^ &e a cylinder valued 
momentum map for this action. Then Q* /Ti. carries a natural Poisson structure and there exists a 
smooth G-action on it with respect to which K is equivariant and Poisson. Moreover: 

(i) The Marsden-Weinstein reduced space :— K.^^{[fi])/G[p], [fi] G Q* /'H, has a natural Poisson 
structure inherited from the symplectic structure (A/, w) that is, in general, degenerate. Afl^l will be 
referred to as the Poisson reduced space. 

(ii) The optimal reduced spaces can be naturally identified with the symplectic leaves of M^^^\ 

(iii) The reduced spaces obtained by foliation reduction equal the orbit spaces Af[p] K^^([/i])/A^[^] , 
where N is a normal connected Lie subgroup of G whose Lie algebra is the annihilator n := (Lie (Ti)) C 
o/Lie (Ti) eg* m g. The manifolds Af[^] will be referred to as the symplectic reduced spaces. 

(iv) r/ie quotient group H[p] := G[p]/N[p] acts canonically on Af[^] and the quotient Poisson manifold 
M[p^/H[p] is Poisson diffeomorphic to Af^'^l. 
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As will be shown in the course of this paper, one of the reasons behind the existence of the three 
distinct reduced manifolds is the non-closedness of the discrete Hamiltonian holonomy H (as the holon- 
omy group of a flat connection). In fact, H measures in some sense the degree of degeneracy of the 
Poisson structure of the Marsden-Weinstein reduced space M^'^l. Moreover, when Ti is closed, the three 
reduction approaches yield (up to connected components) the same symplectic space. 

The present paper deals only with free actions. In our forthcoming paper ORQ^ we will study the 
situation in which this hypothesis has been dropped. 

The contents of the paper are as follows. Section |21 introduces and presents in detail the properties 
of the cylinder valued momentum map. Section |3 studies the invariance properties of the Hamiltonian 
holonomy Ti. and constructs a natural action on the target space of the cylinder valued momentum map 
with respect to which the cylinder valued momentum map is equivariant. This action is an essential 
ingredient for reduction. Section 0] defines a Poisson structure on the target space of the cylinder 
valued momentum map with respect to which this map is Poisson. It also provides a careful study of 
this Poisson structure and explicitly characterizes its symplectic leaves. This section also contains a 
general discussion on central extensions of Lie algebras and groups, their actions, and their role in the 
characterization of the symplectic leaves of afHne and projected afhne Lie-Poisson structures on duals 
of Lie algebras. Apart from its intrinsic interest, this information on central extensions will be heavily 
used in the example of Section El Section contains a detailed statement and proof of the reduction 
results announced above. Section El contains an in-depth study of an example that illustrates some of 
the main results in the paper. The cotangent bundle of a Lie group is considered, but with a symplectic 
structure that is the sum of the canonical one and of an invariant magnetic term, whose value at the 
identity does not integrate to a group two-cocycle. This modification destroys, in general, the existence 
of a standard momentum map for the lift of left translations and forces the use of all the developments 
in the paper. This section contains an interesting generalization of the classical result that states that 
the coadjoint orbits endowed with their canonical Kostant-Kirillov-Souriau symplectic structure are 
symplectic reduced spaces of the cotangent bundle of the corresponding Lie group. The paper concludes 
with an appendix that specifies the relation, in the context of Abelian Lie group actions, of the cylinder 
valued momentum map and the so called Lie group valued momentum maps. 

Notations and general assumptions. Manifolds: In this paper all manifolds are finite dimensional. 
Group actions: The image of a point to in a manifold M under a group action $ : G x A/ M 
is denoted interchangeably by $(g, m) = ^g{m) = g ■ m, for any g ^ G. The symbol Lg : G ^ G 
(respectively Rg : G ^ G) denotes left (respectively right) translation on G by the group element 
g € G. The group orbit containing m € M is denoted by G • m and its tangent space by Tm{G ■ to) 
or • TO. The Lie algebra of the group G is usually denoted by g. Given any (, £ g, the symbol 
denotes the infinitesimal generator vector field associated to ^ defined by (,Ai{m) = ^tl^-Q'^^P ' 
for any m S M. A right (left) Lie algebra action of g on M is a Lie algebra (anti)homomorphism 
^ E 2 I — > E X{M) such that the mapping {m,£^) E M x q i — > (.Mi'm) E TM is smooth. If g acts 
on a symplectic manifold (M, w) we say that the g-action is canonical when £^f^jLo ~ 0, for any ^ G g. 
The Chu map: Given a symplectic manifold (M, w) acted canonically upon by a Lie algebra g, the 
Chu map : M ^ Z^is) is defined by the expression \E'(to)(^,77) := uj{m){^M{m),r]M{'m)), for any 
TO E M, ^,r],E g. 

2 The cylinder valued momentum map 

In this section we define carefully the cylinder valued momentum map and study its elementary prop- 
erties. This construction, first introduced by Condevaux, Dazord, and Molino in [ni)M88., under the 
name of "reduced momentum map" , is the key stone of the main results in this paper. 

The following notations will be used throughout this work. If (•, •) : W* x — > M is a nondegenerate 
duality pairing and V C W, define the annihilator subspace V° := {a E W* \ {a, v) = for all v E 
V} C W* and similarly for a subset of W* . If (5, tj) is a symplectic vector space and U C S, define the 
Lo-orthogonal subspace := {s E S \ u!{s,u) = for all u E U}. 

Let (Af , Lu) be a connected and paracompact symplectic manifold and let g be a Lie algebra that 
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acts canonically on M. Take the Cartesian product M x g* and let tt : M x g* ^ M be the projection 
onto M. Consider tt as the bundle map of the trivial principal fiber bundle {M x g*,M, 7r,g*) that has 
(g*, +) as Abehan structure group. The group (g*, +) acts on M x g* by • (m, fi) (m, n — v), with 
m e M and /i, G g*. Let a G il^{M x g*;g*) be the connection one-form defined by 

{a{m,^){vm,iy),0 {^^,uj)(m){v^) - (j/,^), (2.1) 

where (m, ^) G Af x g*, (w^, i^) G T^M x g*, (•, •) denotes the natural pairing between g* and g, and 
£,M is the infinitesimal generator vector field associated to ^ G g defined by ^Aiim) — ^l^^pexp if • m, 
m G M. It is easy to check that a is a flat connection. For (z, ^) G M x g*, let (M x g*)(z,/i) be the 
holonomy bundle through (z, /z) and let 7^(2, ^) be the holonomy group of a with reference point {z, ^) 
(which is an Abelian discrete subgroup of g* by the flatness of a). The Reduction Theorem |KN63[ 
Theorem 7.1, page 83] guarantees that the principal bundle ((M x 3*){z, n), M,TT\(^Mxg'){z.p,):T^iz, n)) 
is a reduction of the principal bundle {M x g*, ill, tt, g*); it is here that we used the paracompactness 
o^NVf since it is a technical hypothesis in the Reduction Theorem. To simpli^ notation, we will write 
{M,M,p,n) instead of ((M x 9*)iz, fi), M,Tr\(^Mxr){z,p.),'^iz: fJ-))- Let K : M <Z M x g* ^ g* be the 
projection into the g*-factor. 

Let TL be the closure of H. in g*. Since H is a closed subgroup of (g*, +), the quotient C := Q* /H. 
is a cylinder (that is, it is isomorphic to the Abelian Lie group x T** for some a, 6 G N). Let 
TTc : g* — > Q* I'M. = C be the projection. Define K : Af ^ C to be the map that makes the following 
diagram commutative: 

M g* 

p 

M Q*/n. 

In other words, K is defined by K(r7i) = ■kc{v)^ where G g* is any element such that (m, u) G M . This 
is a good definition because if we have two points (to, v), (to, v') G M , this implies that (m, u)^ (to, v') G 
p~^(m) and, as Ti is the structure group of the principal fiber bundle p : M ^ M, there exists an 
element p € Ti. such that v' = v + p. Consequently, nc{i^) = t^c{i^')- 

We will refer to K ; M Q* /'H ~: C as a cylinder valued momentum map associated to 
the canonical g-action on (Af, w). The cylinder valued momentum map is a strict generalization of the 
standard (Kostant-Souriau) momentum map since it is easy to prove (see for instance _X)RtQ4i Proposition 
5.2.10]) that the G-action has a standard momentum map if and only if the holonomy group TL is trivial. 
In such a case the cylinder valued momentum map is a standard momentum map. 

Notice that we refer to "a" and not to "the" cylinder valued momentum map since each choice of 
the holonomy bundle of the connection 12.1|l defines such a map. In order to sec how the definition 
of K depends on the choice of the holonomy bundle M take Mi and M2 two holonomy bundles of 
(A/ X g*, Af, 7r,g*). We now notice three things. First, there exists r G g* such that Af2 — f?r(Afi), 
where Rr{m,fi) :— {m, fi + r), for any {m, ^i) G Af x g*. Second, since (g*,+) is Abehan all the 
holonomy groups based at any point are the same and hence the projection ttc : g* ^ fl*/^ in l|2.2|l 
does not depend on the choice of Af ; in view of this remark we will refer to Ti, as the Hamiltonian 
holonomy of the G-action on (Af, cj). Third, ttc is a group homomorphism. Let now pj^ : Af^ Af, 

Kj^ : Afi g*, and : Af g* be the maps in the diagram (|2.2II constructed using the holonomy 

bundles Af;, i G {1,2}. Let m G Af. By definition K^^(to) = (p^^ (to, j/)), where {m,v) G Af2. 

Since Af2 = Rt{Mi) there exists an element v' G g* such that (to, v') G Afi and (m, v) — (m, v' + t). 
Hence, 

(™) = ^)) - ^M, (Pm, ("^' ^' + ^)) 

= 7rc(K^^(TO, I/' + t)) = TTc{iy' + t) = TTcii^') +7rc(r) = K^j^{m) +ttc{t). 



(2.2) 
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Since in the previous chain of cquaUtics the point m G M is arbitrary and t G g* depends only on Mi 
and M2 we have that 

Km. =Km,+'^c(t). 

The foUowing proposition summarizes the elementary properties of the cylinder valued momentum map. 

Proposition 2.1 Let (M,lu) be a connected and paracompact symplectic manifold and q a Lie algebra 
acting canonically on it. Then any cylinder valued momentum map K : M — > C associated to this action 
has the following properties: 

(i) K is a smooth map that satisfies Noether's Theorem, that is, for any Q-invariant function h £ 

C^IMY := {/ e C°°(M) I d/i(^Af) = for all ^ e g}, the flow Ft of its associated Hamiltonian 
vector field satisfies the identity 

KoFt^ K|Dom(i^t)- 

(ii) For any Vm G T^M , m G M , we have the relation 

TmK{Vm) = T^-Kciv), 

where /i € 5* is any element such that K(m) — i^cif') o-iT-d- G g* is uniquely determined by: 

(^^,0 = (i^^f^)("^)(wm), for any ^ E g. (2.3) 

(iii) ker(T,„K) = ((Lie(H))° • m)". 

(iv) Bifurcation Lemma: 

range (r,„K) -T^7rc((0„O°), 
where /i £ g* is any element such that K(m) — 7rc(/i). 

Remark 2.2 Later on in Theorem 15.41 we will show that the cylinder valued momentum map remains 
constant along the flow of functions that are less invariant than those in part (i) of the previous 
proposition. 

Proof. Since g* /H is a homogeneous manifold, the canonical projection ttc ■ g* ^ 0*/^ is a 
surjective submersion. Moreover, by H2.2|l . Kop = ttcoK is a smooth map. Thus, since p is a surjective 
submersion, it follows that the map K is necessarily smooth. 

We start by proving (ii). Let m E M and (m, /i) G p^^{ra). If u„j — T'(m,/i)P(''^m, i') then H2.2(l gives 

T„K(w„) = T„,K {T(m,fi)P{'"m,v)) = Tfj,nc (^r(,„,^)K('i;„, j/)^ = Tf^Trc{v). 

(i) We now check that K satisfies Noether's condition. Let h £ C°°(M)8 and let Ft be the flow of the 
associated Hamiltonian vector field Xh- Using the expression for the derivative T,„K in (ii) it follows 
that TjnK.{Xh{m)) = T^ttc{'^), where /Lt € g* is any element such that K(to) = ndn) and € g* is 
uniquely determined by 

= ik,,iu)im){Xhim)) = -d/i(m)(6f (H) = ^MMm) - 0, 
for all ^ G g, which proves that ~ and, consequently, Tm^{Xh{m)) = 0, for all m G M. Finally, as 

^(K o Ft){m) = Tj.^(„)K {X^iFtim))) - 0, 

we have K o = 1i\-Dom(Ft)j as required. 
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(iii) Due to the expression in (ii), a vector «,„ S kerT,„K if and only if the unique element ly £ g* 
determined by (|2.3|l satisfies T^Trc{iy) = 0, that is, ly € Lie(7i). Equivalently, we have that (i^, = 0, 
for any ^ € (Lie(7i))° c (g*)* — which, in terms of Vm, yields that {i^j^jU!)(rn){vjn) — for any 

C e (LicCW))". This can obviously be rewritten by saying that v,n G (^{Lic{Ti.))° ■ . 

(iv) We start by checking that range (T,„K) C T^ttc ((0m)°)- Let Tm'K{vm) € range (TmK). Let ly e g* 
be the element determined by (|2.3|) which hence satisfies TmK.{vm) — Tf^7Tc{iy)- Now, notice that for 
any € we have that 

= w(TO)(^A/(nT-),1'm) 

which imphes that ly e (0m)°- This proves the inclusion range (T^K) C T^ttc {{Qrn)°)- Hence, the 
equality will be proven if we show that 

rank (r,„K) = dim (T^ttc ((0™)°)) • (2.4) 

On one hand we can use the equality in (iii) to obtain 

rank(r„K) = dimM - dim(kerr,„K) = dimAf - dimAf + dim (^(Lie(H))° • to) 

= dim ((Lic(H))°) - dim (0™ n (Lie(H))°) . (2.5) 

On the other hand, 

dim(r^7rc ((0m)°)) = dim(0„)° - dim(kerr^7rc|(g„)o) = dim0 - dim0,„ - dim(kerT^7rc H (0m)°) 
= dim0 - dim0,„ - dim(Lie(7i) n (0m)°) 

= dim0 - dim0„i - dim(Lie(7Y)) - dim(0„J° + dim(Lie(7Y) + (0™)°) 

= - dim(Lic(W)) + dim - dim([Lic(H) + (0,„)°]°) = dim {Ue{H))°) - dim (0™ n (Lic(H))°) , 
which coincides with (|2.5|l . thereby establishing (|2.4|l . ■ 

Proposition 2.3 (The cylinder valued momentum map and restricted actions) Let{M,oj) be 
a connected and paracompact symplectic manifold, g a Lie algebra acting symplectically on it, and 
Kg ; M —> 0*/7ig an associated cylinder valued momentum map. Let \) be a Lie subalgebra of g and let 
Tit) be the Hamiltonian holonomy of the \)-action. Then 

(i) i*{Ti.g) C Tit), where i* : q* —^ t)* is the dual of the inclusion i : I) ^ g. Hence there is a unique Lie 

group epimorphism i* : g* /Tig such that i* o vTg. = TTf,. o i* , with TTf,* : \)* f)*/Wi) and 

T^s* '■ 0* ^ 0*/^B natural projections. 

(ii) Let i* : M x 0* — > M x [)* be the map given by i*{m,fi) {m,i*{fi)), {m,fi) £ M x g* , and Mg 

the holonomy bundle used in the construction o/Kg and that contains the point [niQ^fio). Let Mf, 
be the holonomy bundle for the H-action containing the point (jn,i*{fj,)). Then 

i*{M^)cim,. (2.6) 

(iii) Let Kf, : M /TL^ be the l}-cylinder valued momentum map constructed using Afp,. Then 

K^=FoKg. (2.7) 

Proof, (i) Let fi G Hg and c{t) C M be a loop in M such that c(0) = c(l) = mo whose horizontal 
lift {c{t),fi{t)) is such that /i(0) = fia and /i(l) — fia = 11. The horizontality of (c(t),/i(t)) means that 
for any £, £ g the equality {fj,'{t),^) = Lu{c{t)){£,M{c{t)),c' {t)) holds. Consequently i*/i(l) — i*fJ.o — 
i*fj, and {i* fi' (t) , r]) = uj{c{t)){riM{c{t)), c' (t)), for any r] £ \) which proves that {c{t) , i* fi{t)) is the t)- 
horizontal lift of c{t) passing through (mo,i*/io) and hence that i*fi £ Tif,. The rest of the statement is 
a straightforward verification. 
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(ii) Let (z, I/) G Mg. By definition there exists a piecewise smooth g-horizontal curve {m{t),fi{t)) such 
that (to(0), /i(0)) = (mo,/io) and (m(l),/^(l)) = {z,v). An argument similar to the one that we just 
used in the proof of (i) shows that the g-horizontahty of (m(<), implies the ()-horizontality of 

{m{t),i*n(t)) = i* {{■m{t),fi{t))) and hence (m(l),iXl)) = G M^. 

(iii) Let m G M arbitrary. For some /i G g* such that (m, /i) G A/g we have that 

(FoKg) (m) = (FoTTg.) (/i) = (vr,,. or)(^). 

On the other hand K(,(m) — vri,. (i^), for some G f)* such that (m, i^) G Mf,. Since by (|2.6f) (m, G 
M(, we have that K|,(to) = 7ri,(i*(^)) = (i* o Kg) (m), as required. ■ 

3 The equivariance properties of the cyUnder valued map 

Suppose now that the fl-Lie algebra action on (M, lu) considered in the previous section is obtained from 
a canonical action of the Lie group G on (M, w) by taking the infinitesimal generators of all elements in g. 
The main goal of this section is the construction of a G-action on the target space of the cylinder valued 
momentum map K : Af — > 2* /H with respect to which it is G-equi variant. The following paragraphs 
generalize to the context of the cylinder valued momentum map the strategy followed by Souriau 'S o69| 
for the standard momentum map. We start with an important fact about the Hamiltonian holonomy 
of a symplectic action. 

Proposition 3.1 Let (Af, lu) be a connected and paracompact symplectic manifold and ^ : G x M M 
a symplectic Lie group action. Then the Hamiltonian holonomy TL of the action is invariant under the 
coadjoint action, that is, 

Adl-,{n)(in, (3.1) 

for any g £ G. 

Proof. Let ly E H arbitrary. By definition of the holonomy group there exists a loop c : [0, 1] — > A^ at 
a point m G Af, that is, c(0) — c(l) = to, whose horizontal lift c{t) — (c(t),/i(i)) satisfies the relations 
c(0) = (to, fi) and c(l) — (m, /i + u), for some /i G g*. We now show that Ad*-ii/ G H, for any g G G. 
Take the loop d : [0, 1] — > M at the point g ■ m defined by d{t) $g(c(t)). We will prove the claim by 
showing that the horizontal lift d of d is given by 

rf(t) = (<I>,(c(i)),Ad;-,M(t))- (3.2) 

If this is the case then Ad*-iJ^ G Ti necessarily since o?(0) = (5 • to, Ad*-i/i) and d{\) — (g • to, Ad*-i/i + 
Ad*-ii^). In order to establish (|3.2|l it suffices to check that d{t) is horizontal. Notice first that 

d'(<) = (T,(,)$, {c'{t)),Ad;-^^i'{t)). 

Then, for any ^ G g, we have 

ii„c^(a>,(c(i))) (T,(,)$,(c'(i))) + {kAl-.^i'{t),s) 

= w (<i>,(c(t))) (r,(,)$, ((Adg-iC)M (cW)) ' T,it)^g{c'{t))) + (/i'(i), Ad,-iO 
= c.(c(t)) ((Ad,-i^)^, (c(i)),c'(t)) + {^i'{t),kd,-^e) = 
because of the symplectic character of the action and the fact that the curve c(t) is horizontal. ■ 
Remark 3.2 The connected component of the identity Tig of is a vector space. Consequently, 

Lie (n) =HaCH. 

In order to prove this recall that any Abelian connected Lie group, like Ho, is isomorphic to T" x M'', 
for some a, 5 G N. Since Hq is a closed Lie subgroup of (g*, +) it cannot contain any compact subgroup 
and hence a = necessarily. 
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Corollary 3.3 In the hypotheses of Proposition\^\the following statements hold 

(i) Ad^-i (H) C n, for any g e G. 

(ii) Ad^-i (Lie {U)) C Lie {U), for any geG. 

(iii) There is a unique group action Ad* : G x g*/7Y Q* /'H such that for any g & G 

Ad*-i o TTc = nc o Ad*-i . (3.3) 

The map ttc : 0* 0*/^ the projection. We will refer to Ad* as the projected coadjoint 
action of G on g*/H. 

Proof, (i) By (13. 1|) and the continuity of the coadjoint action we have Ad*-i (7i) C Ad*-i (H) C H. 

(ii) The inclusion H3.ll) guarantees that the restricted map Ad*-i : H ^ His a Lie group homomorphism 
so it induces a Lie algebra homomorphism (which is itself) Ad*-i : Lie (TC) —s- Lie {"H). In particular 
this implies the statement. 

(iii) The map Ad*_i given by Ad*_i {fi+H) :~ Ad*-i^ + H is well defined by part (i) and satisfies (|3.3|l . 
A straightforward verification shows that the map Ad* defines an action. ■ 

As we will see in the following paragraphs, the results that we just proved allow us to reproduce 
in the context of the cylinder valued momentum map the techniques introduced by Souriau jSo69| to 
study the equivariance properties of the standard momentum map. 

Proposition 3.4 Let (Af , lu) be a connected and paracompact symplectic manifold and ^ : G x M —^M 
a symplectic Lie group action. Let K : M ^ 9* /H. be a cylinder valued momentum map for this action. 
Define a : G x M ^ q* /H by 

a{g,m) -.^ K{^g{m)) ~ Adl-^K{m). (3.4) 

Then: 

(i) The map a does not depend on the points m G Af and hence it defines a map a : G ^ 9* /H. 

(ii) The map a : G 9* /Ti is a group valued one-cocycle, that is, for any g,h d G, it satisfies the 

equality 

a{gh)=a{g)+Ad*g-^a{h). 

(iii) The map 

6: Gx2*/n — > 9*/H 

(5,7rc(Ai)) I — > Ad*^i{nc{fJ.)) + (T{g), 

defines a G-action on 9*/Ti. with respect to which the cylinder valued momentum map K is G- 
equivariant, that is, for any g £ G, m d M , 

K($,(m)) = e,(K(m)). 

(iv) The infinitesimal generators of the affine G-action on 0*/7i are given by the expression 

^../niTTcifi}) = -T^TTc (*(m)(^, •)) , (3-5) 

for any ^ £ 9, {m, fi) £ M, and where \1/ : A/ ^ Z^is) *s the Chu map defined by '^{£,,r]) := 
^ {£.m,Vm), for any ?? G fl- 

We will refer to a : G 9* I'H o,s the non- equivariance one-cocycle of the cylinder valued momentum 
map K : A/ ^ 0*/^ o,nd to Q as the affine G-action on 9* /Ti. induced by a. 



Ortega and Ratiu: The reduced spaces of a symplectic Lie group action 



9 



Proof. (i) For any g £ G define the map Tg : M ^ 0* fH by Tg{m) := a{g,m). We will prove the 
claim by showing that Tg is a constant map. Indeed, for any point z G M and any vector Vz € T^M 



(3.6) 



Recall now that by part (ii) of Proposition 12.11 TzK.{vz) = T^nc{v), where /i G g* is any element 
such that K(z) = i^c{^) and v £ q* is uniquely determined by the equality {v,^) = {i^j^jiij){z){vz), 
for any ^ G g. ^quivalently, the relation between Vz and u can be expressed by saying that the pair 
{vztv) e T(z.fi)M, where M is the holonomy bundle of the connection a in 1)2. 1() used in the definition 

of the cylinder valued momentum map K. Let now fi' G q* be such that [g ■ z, G M. We now show 
that {vz-,v) G T(^z,fi)M implies that {Tz^g{vz) , Ad* -ii^) G T(^g.z^^')M due to the symplectic character of 
the G-action. Indeed, for any ^ G g we have 

i^Mg ■ ^) {Tz^ai^z)) = ^{g ■ 2) (T.^s (Adg-i^)^, iz),Tz<^g{vz)) = ^(z) {(Adg-r^)^ {z),Vz) 
- (i/,Adg-ie> - (Ad;-ii/,e), 

which proves that {Tz^g{vz), Ad*g-ii^) G T(^g.zy)M and hence that Tg.zK {Tz^g{vz)) = T^'TTc (Ad*-it/). 
If we use this fact to compute the derivatives in the right hand side of H3.6|l we obtain 



TzTg{vz) = T),'7rc (Ad*-ii/) - Tk(3)-4o?*_i {Tf,TTc{i^)) = I),'7rc (Ad*-ii/) - (ttc o Ad*-i) (i/) 



T^'TTc (Ad*-ii/) 



T^TTc (Ad* 



0. 



(3.7) 



The last equality follows from the fact that ttc is an Abelian Lie group homomorphism. Indeed, for any 



d_ 

dt 



d 

dt 



d 
di 



TTc{tp) = Tqttc{p), 



and hence T^ttc — Tqitc, for any /i G g*. Finally, the expression 1)3. 7|l shows that Trg — 0, for any 
g G G. As M is, by hypothesis, connected this guarantees that a{g, m) — W^g, m!) for any m, m' G M, 
which proves the claim. 

(ii) Using the definition (|3.4|l at the point h ■ m we obtain a{g) — K.{gh ■ m) — y^d*_iK(ft, • m). If we 
now use the point m G M we can write (t{K) = 'i^{h ■ m) — yl(i^_iK(m). Consequently, 

<7{g) + Ad*g-^a{h) = K{gh ■ m) - Ad*g^rK{h ■ m) + Ad*g^^K{h ■ m) ~ Ad*g-^Adl^^K{m) 
= K{gh ■ to) - Adlg,^yiK{m) = a{gh), 

as required. 

(iii) It is a straightforward consequence of the definition. 

(iv) By definition 



^s'/ni^cip)) = 37 



©cxp 45 (ttc (m)) 



t=0 



t=0 



(^7rc(Ad*xp(_tj)Ai) + cr(exptO) = -T^7rc(adJ/i) + Tecr(^). 



(3.8) 



Additionally, if K(m) = T^cip) then 



d_ 

di 



t=o 



(K(expte • m) - ^d:,p(_,^)K(TO)) = T„K (6/(to)) + T;,^c (ad^/x) 



By (|2.3|l . T!„iK (^m('7i)) = T^irciv) with G g*j uniquely determined by the expression (i^, = 
(i,,j,jtj)(m) {^M{m)) = *(TO)(r;,^), for any G fl. Hence (jX^ yields 



Ortega and Ratiu: The reduced spaces of a symplectic Lie group action 



10 



4 Poisson structures on 0*/7Y 

In the following theorem we present a Poisson structure on the target space of the cylinder valued 
momentum map K : M g* /H with respect to which this mapping becomes a Poisson map. We also 
see that the symplectic leaves of this Poisson structure can be described as the orbits of the affine action 
introduced in the previous section with respect to a subgroup of G whose definition is related to the 
non-closedness of the Hamiltonian holonomy 7i as a subspace of g* . 

Theorem 4.1 Let (M, w) be a connected paracompact symplectic manifold acted symplectically upon 
by the Lie group G. Let K : Af ^ Q* /T^ be a cylinder valued momentum map for this action with 
non-equivariance cocycle a : M —t Q* /Ti. and defined using the holonomy bundle M G M x q* . The 
bracket {•, - j^./^ : C°°{g*/n) x C°°ig*/H) R defined by 

= (^^-^^) - (4.1) 

where f,g £ C°°(fl*/W), (to, ^) £ M, 7rcj_fl* Q* /H is the projection, and ^ : M Z'^{g) is the Chu 
map, defines a Poisson structure on Q* /Ti. such that 

(i) K : A/ — > Q* I'M. is a Poisson map. 

(ii) The annihilator (Lie (H)) C q o/Lie (TL) in g* is an ideal in g. Let N <Z G be a connected normal 
Lie subgroup ofG whose Lie algebra is n :— (Lie . The symplectic leaves of ^g*/7i, {•, -y^t^jj^ 

are the orbits of the affine N-action on Q* /Ti. induced by a : G ^ 9* /'hi- 

(iii) For any [/i] :— i^cip-) G Q* /Ti-, the symplectic form ^^^.^^j on the affine orbit N ■ [/i] induced by the 
Poisson structure \4-l\j is given by 

{^,'/HiM),Vr/niM)) = ^^.[^(M) i^T^^c (*(to)(?, •)) , -T^^^c (*(TO)(r,, •))) 
= 4'(TO)(^,ry), 

for any ^, 77 g n, (m, /i) e M . 
The proof of this theorem requires several preliminary considerations. 
Lemma 4.2 Let TL be the Hamiltonian holonomy in the statement of the previous theorem. Then 

Wc[0,0]°. (4.2) 

Moreover 

[fl,0]c (Lie(7?))° (4.3) 

and hence (Lie (7i)) is an ideal of g. 

Proof. Let fi E Hhc arbitrary. By definition, there exists a loop c{t) in M such that c(0) = c(l) = m 
and a horizontal lift 7(i) {c{t),^{t)) £ AI d M x g* such that ^(1) — /i(0) — ^. Since ^{t) 
is horizontal we have i^j^jW (c'(t)) = (^'(t),^), for any £, & Q. Since the G-action is symplectic, the 
infinitesimal generator vector fields and 77M are locally Hamiltonian, for any ^, 77 G g, and hence 
[i,v]M = - [(.m,Vm] is globally Hamiltonian. Let / € G°°{M) be such that Xf = [C,??]m = - [(.m,Vm]- 
The relation fi ~ fi{l) — /i(0) = Jq fi'(t)dt implies thus 

(^,[^,77])=/ {fi'{t),[^,rj])dt^ f i[^.,,],,a;(c'(t))dt = / Lj{c{t)){[tr^]M{c{t)),c' {t))dt 
Jo Jo Jo 

Lo{c{t)){Xf{c{t)),c'{t))dt = I d/(c(i)) (c'(i))di - /(c(l)) - ./(c(0)) = /(to) - /(to) = 0. 
Jo 



This shows that Ti C [g,0]° and hence that Ti C [0,g]° = [0,0]°- The inclusion H4.3|l is a consequence 
of and Remark O ■ 
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Projected Poisson structures. The Poisson structure in Theorem 14. II will be obtained as the pro- 
jection onto the quotient g* /H of an affine Lie-Poisson structure on g*. The next proposition proves 
the existence of this projected Poisson structure. 

Proposition 4.3 Let Ti he the Hamiltonian holonomy in the statement of Theorem \4.1\ Let T, : qx g 

R be an arbitrary Lie algebra two-cocycle on g and {•, - j^ the associated affine Lie-Poisson bracket on 
g* defined by 



{Lgjliti) :-±(m 



SI 5g_ 



51 Sg_ 

6ii ' Sfi 



(4.4) 



The action (p : H x g* ^ g* given by :— fj. + i' on (g*, {•, - j^) is free, proper, and Poisson and 

hence it induces a unique Poisson structure {•, - j^^^— on g* /Ti. such that 



{F, onc^{FoTTc,Ho TTc}l, F,He C°^(g*/n). 

where nc ■ g* 0*/^ the projection. 

Proof. We first note that if n^u G g* and / G C°°(g*) then 

S{fo<p,)_ Sf 



(4.5) 



6fi S{^i + iy) 

With this equality in mind we can write, for any f,g E C°°{g*), /i G 0*, and v eTL 



w:/,C3}±(m) = ±(m, 



(5(/o0^) 5{go4>^) 



6fi 
Sf 



6ii 
Sg 



f 6{f o (j)^) S{go(j)^) 
6^ 



Sf 

S{fi + v) ' 5{ii + v) 



Sg 



Sf 



Sg 



= {f.g}l{Mf)) 



since ( V. 



Sf Sg 



by Lemma [4.21 This shows that the action (j) is Poisson. It is clearly 



free and proper. 



Central extensions and their actions. The description of the symplectic leaves of the projected 
Poisson structures ^0*/"^, {•, requires the use of certain facts on central extensions that we 

present in the following paragraphs. 

Let := g © R be the one-dimensional central extension of the Lie algebra g determined by the 
cocycle S whose bracket is given by the expression 

[(^,s),(r?,i)] :=(K,r;],-I](e,77)). 

Let Gy. be the connected simply connected Lie group whose Lie algebra is gs. Let TTg : gs ^ g be the 
projection and let -kq : Gs — *■ G be the unique Lie group homomorphism whose derivative is tt^ and 
makes the diagram 



{0}- 



7r„ = TeTTG 



0E :=0( 



{e}- 



ker TTc 



exp 



Be 



■Gy 



■Kg 



exp. 



G- 



{0} 



{e} 



Ortega and Ratiu: The reduced spaces of a symplectic Lie group action 



12 



commutative. We notice that the connected component of the identity {her 110)0 of kerTrc equals 

(ker ttg)o = {exp^^ (0, a) | a e M}. (4.6) 

Indeed, for any a G M, 7rG'(expg^ (0, a)) = expg(O) = e. This shows that the one-dimensional connected 
Lie subgroup {expg^(0, a) | a G R} of Gs is included in (ker 71^)0. Since dim(ker7rG) = 1 it follows that 
{expg^(0, a) I a S M} is open and hence closed in (ker 71^)0 thus they are equal. Additionally, 

(ker7rG)o C (Z(Gs))o, (4.7) 

where {Z{G-s))o denotes the connected component of the identity of the center Z{G^) of Gs. To see 
this, note that any element g G Gs can be written as g — expg^(^i, ai) • • • expg^(^i, oi), £.1, ■ ■ ■ ,£,n & 
Q, ai,...,a„ e K and hence, by the Baker-Campbell-Hausdorff formula, the elements of the form 
expg^(0, a) commute with every factor in the decomposition of 5. 
Furthermore, if Z{G) = {e} then 14. 7|) is an equality, that is, 

(ker7rG)o = (^(Gs))o- (4.8) 

In order to prove this fact recall that, by general theory, the map exp^^ is an isomorphism between the 
center of and Z{G-s)q- Since g has no center the dimension of Z(Gs) equals one. Additionally, since 
by (|4.6() and H4.7() . (ker7rG)o is a one-dimensional connected subgroup of (Z(Gs))o the equality (|4.8|l 
follows. 

Proposition 4.4 Let G be a Lie group with Lie algebra q, T, a Lie algebra two-cocycle on g, and the 
one- dimensional central extension of q determined by S. Let Ge be the connected and simply connected 
Lie group whose Lie algebra is gs- There exists a smooth map fi^: '■ Gs — *■ 0* such that for any 
g,h e Gs, (C, s) e 0s, {1^, a) G 0^ ™e have 

(i) Adgits) = (Ad,^(g)e,s + (A^s(.9),e». 

(ii) Ad*-i(i/,a) = (^Ad^^j^j-ii/ -f- a/is(5"^), a) . 

(iii) fi^igh) = fiT,{h) + Ad;^(,,)/is(g). 

(iv) ^s(e) = 0. 

(v) Ais(5"^) = -Ad;^(g)-i/is(5)- 
(vi) r,^s (T,Lg{^, s)) = -E(e, •) + ad^/is(5). 

In this statement we have identified with 0*®R by using the pairing {{v^a), (^, s)) :— {v,Cl A- as. We 
will refer to /is as the extended q* -valued one-cocycle associated to E. 



Proof. We first notice that 

TT,iAdgi£,s)) = ^ 



71-0(5 expg^ i(C,s)g ^) = 

t=0 



■^G{gUG{exPg^t{£,s))TrG{g ^) 



d_ 

dt 



ncig) exp^{t£)nG{g ^) = Ad^g(g)$. 

t=o 



Consequently, there exists a smooth function / : Gs x x K — > M. such that 

Adg(e,s)- (Ad,^(g)^,/(5,C,s)). 

Note that for g fixed the map f{g,-,-) is linear by the linearity of Adg, hence there exist smooth maps 
/is : Gs — > 0* and ss : Gs — > K such that 

/(3,^,s) = (/is(g),0+ss(g)s. (4.9) 
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Additionally, by (|4.6|l and 14.7|l the elements of the form exp^,^ (0, s) belong to the center Z{G^) of Gs 
and hence we have 



Adg(0,s) 



dt 



gexpg^t{0,s)g ^ 



dt 



expg^ t(0,s) = (0,s). 



Hence, combining this with 14.9|l . we get Adg(0, s) = {0,ss{g)s) = (0,s), which imphes that ss{g) = 1, 
for any g € Gs- This proves point (i). 

(ii) For {£_, s) e gs we have by (i), 

(Ad;-i {ly, o), (e, s)) = {{u, a), Adg-i (e, s)) ^ {{ly, a), (Ad,^(g)-iC, s + (Ms(.g"'), 0)) 
which proves (ii). 

(iii) For any g,h £ Gs and any (^, s) £ we have by (i), 

(Ad,G(ff/0?' s + 0) = Adg,,(e, s) = Adg (Ad^i^, s)) = Adg (Ad,^(ft)e, s + {fisih),0) 

= {^(^7ra{g)7TG{h}S.,S + {f^s{h),0 + (^isCg), Ad^g(,i)0) 

which implies (iii). 

(iv) By part (iii) we can write /is(e) — /is(ee) — /is(e) + fiT.{c), and hence /is(e) = 0. 

(v) By parts (iii) and (iv) we have = /is(e) = f^sigg^^) = A^sl.?"^) + Ad;^(g)- 1/12(3). 

(vi) For any (^, s), (77, i) G 0s, 



([C,77],-S(^,77)) = [(e,s),(77,t)] =ad(^,,)(??,i) = - 



Ad, 



'=0 



d_ 



e=0 



(^Adoxp^ (/is(expg^ e(^,s)),?7)j = ([^,7/], {Te^i^i^, s),r])) 



which proves that 

If we now use this equality together with (iii) we obtain 



Ms(3exp t(^,s)) = — 



(Ais(expg^ s)) + Ad*^p^ t5Ms(ff) 



= T'e/iE(^, s) + ad|Ais(.g) = -S(C, •) + ad|/is(.g). 



Corollary 4.5 Let G be a Lie group with Lie algebra g, Y, a Lie algebra two-cocycle on g, and gs the 
one- dimensional central extension of q determined by S. Let Gy: be the connected and simply connected 

Lie group whose Lie algebra is cind fiY: ■ Gs > 0* the extended one-cocycle associated to S. The 

map S : Gs x 0* — > 0* defined by 

:= Ad;^(g)-i/i + /is(.g"^), g e G^.ji e 0*, 

is an action of the Lie group Gs on g* . We will refer to S as the extended affine action of Gs on 
0*. This action projects to a G^-action on the quotient Q* /Ti. via the map S : Gs x Q* /Ti. — > 0*/W 
defined by 

E{g,fi + H) := Ad;^(g)-i/i + /is(g"^) g£ Gj:,fi£Q*, 

with respect to which nc is G-s:-equivariant. We will call S the projected extended affine action of 
Gs on g*/H. 
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Proof. The proof of the first statement is a straightforward verification. The projected extended affine 
action is well-defined by Proposition 13. II ■ 

Remark 4.6 For any ^ g gs, the associated infinitesimal generators ^g. and Cg«/T7 of the extended and 
the projected extended affine action of Gs on g* and Q* /H, respectively, are given by the expressions, 

er(A') = -ad:^(^)A^ + EK(e),-) (m), (4.10) 

i,>/nMf^))^T^^c (-ad;^(^)M + S(7rg(0,-)) = ^^^c (m)) , (4.11) 

for any /i G 0*. The second equality in H4.10|l emphasizes that for any C G 0i the expression Cfl'(/^) ■= 
— adJ/x-|-S(C, •) defines a Lie algebra action of g on g*. Unlike the gs-action defined by the first equality 
in H4.10|l . the g-action cannot, in general, be integrated to a group action. 

Remark 4.7 Suppose that there exists a right group one-cocycle a : G ^ g* that integrates S, that 
is, 

TMO^-m-), (4.12) 

for any ^ G 0. This happens to be the case when, for instance, the manifold underlying the group Gs is 
diffeomorphic to G x K (see Chapter 2 of |GR04p . Then the extended affine Gs-action on g* drops to 
the affine G-action 8 : Gx g* ^ g* on g* determined by a via the expression 8(3, /i) = Ad*-i/i+cr(5^^), 
{g,n) e G X g*. More specifically, 

S(5,Ai)-e(7rG(5),M), (4.13) 
for any 'g € Gy: and /i G g*. This equality implies that 

aoTTc = Ais. 

Analogously, the affine G-action 8 : G x g* /H g* /'H on g*/?i induced by a via the expression 
Q{g,fi + n) = Ad*-i/i + CT(.g"i) +H, (g,^) G G x g*, is such that 

E{g,^i + H) = e{^^G{g),fl + n), 
for any g E Gs and /i G g*. In order to prove (|4.13l) notice that (|4.10l) and (|4.12() guarantee that 

Cg*(M) = (7rB(0)r(/^). (4.14) 

for any ^ S gs, /i S 0*. The infinitesimal generator on the left hand side of this expression corresponds 
to the extended affine Gs-action S on g* while the one on the right hand side is constructed using the 
affine G-action 6 induced by a. The equality (|4.14|) implies I4.13|l . Indeed, since Gs is connected, 
any element 'g G Gs can be written as g — exp^^ • • -exp^i^ ^1, . . . G gs. Hence EQ^fi) — 
S(expjj^ ^1 • • • expg^ S.njfj) — o • • • o i^-^"(/i), where F^^ is the flow of the infinitesimal generator 

vector field (COs*- Since by lHHIl = (7r£,(6))fl*, the flow if' coincides with the flow F^"^^'^ of 

(7rg(^,))g. and hence 

S (5 , = «^ ) o • • • o i^i"^ V) = (expg (TTg (Ci ) ) • • • exp jTTg (C„ ) ) , 
= e(7rG(expg^ fi) • • .7rG(expg^ 60,/^) = 0(7rG(?), A^), 

which proves H4.13|l . 

The characteristic distributions of (g*,{.,.}^) and ^0*/^, {•, -j^,^^^ . The characteristic distri- 
bution E of (g*, {., ■}^) is given by (see for instance Section 4.5.27 in | UR04 p 



i?(/i) - {ad^M - S(^, •) U e 0}. 



(4.15) 
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We now show that the characteristic distribution E of the Poisson manifold {^* /Ti, {•, -^^J^^-^ is given 
by 

i?(^c(A^))-{T^^c(ad|/i-S(e,-)) Ue (Lic(H))°}. (4.16) 

Indeed, since the projection ttc : fl* — > Q* I'H is a Poisson map, for any / e C°°{g* /H) and ^ e g* we 
have that Xf{-Kc{p)) = T^nc (XfoTrdf^))- Since XfoT^c known (see for instance (4.5.20) in OR.04] ) 
we have 

Xji7Tcii^))^T,7Tc (TadV^/^±s(^^^^^^^^,-)) . (4.17) 

We now recall a result in j098j (see |OR04I Theorem 2.5.10]) that characterizes the span of the 
differentials of the invariant functions / G C°°{M)'~^ with respect to a proper G-action on a manifold 
M by means of the equality 

{d/(m) I / e C^iM f} = ((0 . myf- . (4.18) 
If we apply this result to the free and proper action of H on g* we obtain that 

{d/i(/i) I h e C^{B*f} = ((Lie ■^,y. (4.19) 

However, since for any element ly G Lie (7i) its associated infinitesimal generator satisfies Vg* (fi) — ly, 
for any /i € g* , we can conclude that Lie (7i) • ^ = Lie (TC) and hence 1)4.19(1 can be rewritten as 

[dhiii) I h e C°^iQ*f] = (Lie my . (4.20) 

Now, since for any p e g*, we have ^p, ^^^^j^^^ — d(/ o Trc){^J'){p) and / o ttc G C°°(g*)^, expres- 
sions ()4.17(l and (|4.20(l guarantee the validity of 14.16|l . 

The symplectic leaves of (g*, {•, -j^) and ^g*/7i, {•, -j^^^—^ . As we saw in Lemma lTl^ the subspace 

/ \ o 

n := Lie (H) is an ideal of g. This implies that ns n®M is an ideal of g^. Let be the connected 
and simply connected normal Lie subgroup of Gs whose Lie algebra is ns • 

Proposition 4.8 Let (g*,{-,-}^) be an ajfine Lie-Poisson structure and ^g*/H, {•, -j^,^:^^ the corre- 
sponding projected Lie-Poisson structure introduced in Proposition \4-i^ Let Ny: be the normal subgroup 
of Gy: introduced in the paragraph above. Then for any fj, € q* , the symplectic leaves and CTrdfj.) °/ 

(0*j{'j'}±) "'^'^ (fl*/^: {'i 'l^.^^) ^^'J^ contain ^ and itc{iAj respectively, equal 

/:^-S(Gs,p) and /:,^(^) = S(7Vs, 7rc(A^)), (4.21) 
where S and S are actions introduced in Corollary \4-.5\ 

Proof. If we compare ((4.1011 and H4.11|l with 1(4.15(1 and 1(4.16(1 . it is clear that the tangent spaces to 
the orbits of the Ge and A'^s-actions produce distributions in g* and g*/7i equal to the characteristic 

distributions of (g*, {•, - j^) and ^g*/7i, {•, - j^.^^j^^ , respectively, and hence they have the same maximal 

integral leaves. Since Gs and Ny, are connected these are the Gs and iVE-orbits, respectively. ■ 

Proof of Theorem 14.11 We will prove the theorem by showing that the Poisson structure in ((4.1() 
is one of the projected Poisson structures presented in Proposition 14.31 when we use a Lie algebra two- 
cocycle S : g x g ^ R that comes naturally with the construction that lead us to the cylinder valued 
momentum map. We start by recalling a proposition whose proof can be found in | UR04aj . 
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Proposition 4.9 Let {M,lu) be a connected and paracompact symplectic manifold acted symplectically 
upon by the Lie group G. Let "K. : M —f Q* /H. be a cylinder valued momentum map for this action 
dejined using the holonomy bundle M C i\f x g*. Let p : M M be the projection. Then the pair 
(M,Ll!^j :—p*Lo) is a symplectic manifold where the Lie algebra g acts canonically via the map 

CmK^) - (eMM,-*(m)(e,-)), 

for any ^ G g, {m,pL) g M, and where ^ : M ^ ^^(fl) Chu map. The projection K : M C 

M X g* — > g* is a standard momentum map for this action with infinitesimal non-equivariance cocycle 
E : g X g ^ K given by 

S(^,7?):=(Ai,K,?7])-*M(e,?7), (4.22) 
for any (m, fx) g M. The value of Yi does not depend on the point (m, fi) € M used to define it. 

The Poisson structure in the statement of Theorem l4.1l is one of the projected Poisson structures (|4.5() 
when we take in H4.4|l the two-cocycle S introduced in the statement of the previous proposition. More 
specifically, for any /, i? G C°° (g* ) we have 

{/, 9},>/hMi^)) = {/ ° TTc, g o ncjlifi). (4.23) 
Indeed, using the independence of E on the point (m, /i), we can write 



{fo7:c,goTrc}+{tJ.) = ( M 



5pL Sfj, 



^(/ ° TTc) S{g O TTc) 



W(m) , I — W(m) 



5p, ^ 5fi J \ 6fi ^ Sfi 

Proof of point (i). Let /, 5 G C°°{q*/H) be arbitrary functions. We will show that for any m £ M 

{/ o K, 5 o K}(™) = {/, g}^./^(K(m)). 

Indeed, by definition 

ff \ ixri \\ ,T,^ ^/^(/°7^c) <5(.9 7rc)\ , f f S{f o nc)\ , . f S{g o ttc)\ , \ 
{f.g},./nmm)) = {-^^^^J^} = -(-) U^^^j,/"^)' ' 

where K(m) — ndfJ-). Since {/o K,go K}(m) = uj{jn){X fo-K{m), Xgojiim)), it suffices to show that 
for any / G C°°(g*/H) 

/ 5{f O TT c)' 

This equality holds since by (|2.3(l 



XfoKim) = ^^^-^ (m). (4.24) 



M 



Lu{m)iXfoK{m),v„,) = d(/ o K)(m)KO = d/(K(m))(r™KK„)) 

= d/(K(™))(T^7rc(^)) - d(/ o 7rc)(A^)(^) = ^^^^^) = u;{m) (^(^^il^^^ ^{m), v„ 
for any Vm G T„iM, which proves H4.24|l . 

Proof of point (ii). (Lie(7^)) is an ideal in g by Lemma IT!^ In order to prove the second statement 
note that since N is connected so are its orbits and hence it suffices to show that the distribution 
given by the tangent spaces to the iV-orbits coincides with the characteristic distribution of the Poisson 
bracket ()4.1|l . By H4.16fl and (|4.23|) the characteristic distribution is given by 

(iTciti)) = {t^ttc (*(™)(e, •)) U e (Lie (W))°} , (4.25) 

where K(m) — ■nci^j)- Since, by Proposition the infinitesimal generators of the affine G-action on 
g*/H are given by the expression fg./^(vrc(A*)) = -T^-kc (^'(m)(^, •)), for any ^ G g, (m, ^) G M, the 
statement follows. 

Point (iii) is a straightforward consequence of (ii) . ■ 



E 
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5 The reduction theorems 

The symplectic reduction procedure introduced by Marsden and Weinstein in |MW74j consists of two 
steps. First, one restricts to the level sets of the momentum map and second, one projects it to the 
space of orbits of the group that leaves that level set invariant. The elements of the group that leave 
a given level set of the momentum map invariant form a closed subgroup of the original symmetry 
group. Indeed, if the manifold is connected, one can always find an action on the dual of the Lie algebra 
with respect to which the momentum map is equivariant |So69| and hence this subgroup is the isotropy 
subgroup of the momentum value defining the level set. 

In the preceding sections we have introduced all the necessary ingredients to reproduce this con- 
struction in the context of the cylinder valued momentum map. Nevertheless, if we blindly reproduce 
the Marsden- Weinstein construction it turns out that we do not obtain symplectic reduced spaces but 
orbit spaces that are endowed with a naturally defined Poisson structure that is, in general, degenerate. 
As we will see, the reason behind this surprising phenomenon is the eventual non-closedness of the 
Hamiltonian holonomy in the dual of the Lie algebra. Indeed, when this happens to be the case one 
may consider two different reduced spaces: first, one based on the Marsden -Weinstein construction that 
suggests a reduction by the G-action and that, as we already said, yields a Poisson manifold; second, 
the foliation reduction theorem of Cartan |C22| (see Section 6.1.5 in OR0l| for a self-contained presen- 
tation) imposes the reduction by the group N introduced in Theorem 14.11 that integrates (Lie (H) ) . 
The resulting reduced space is symplectic. The two reduced spaces are related via a Poisson reduction 
procedure that will be described in detail and they coincide when the Hamiltonian holonomy is closed 
in the dual of the Lie algebra. 

Throughout this section all group actions are free and proper. This ensures the smoothness of all 
the orbit spaces that we will encounter. The generalization of these results to the context of non-free 
actions is the subject of another paper |OR05| . 

Theorem 5.1 (Symplectic reduction) Let {M,uj) be a connected and paracompact symplectic mani- 
fold and G a Lie group acting freely, properly, and symplectically on it. Let K : Af — s- 0*/7i be a cylinder 
valued momentum map for this action with associated non-equivariance one-cocycle cr : M Q* /Ti.- Let 
N be a normal connected Lie subgroup of G that has (Lie (?i)) as Lie algebra. Then for any [/i] G Q* /"H 
the orbit spaces Af[^] :— K^"'^([/i])/A^[^] are regular quotient manifolds that are endowed with a natural 
symplectic structure a;[^] uniquely determined by the equality 

*M'^ = ^[m]^[m]' (5-1) 

where A'^[^] denotes the isotropy subgroup of[fi\ with respect to the N -action on Q* /'H obtained by restric- 
tion of the affine G-action constructed using the non-equivariance cocycle a o/K, ij^j : K~^([/i]) ^ Ai 
is the inclusion, and 7r[^] : K~^([/x]) — > 'K~^{[ij])/N[^^ is the projection. We will refer to the spaces iV/[^] 
as the symplectic reduced spaces. 

The proof of this theorem requires an intermediate result that generalizes in the context of the 
cylinder valued momentum map the so called reduction lemma. 

Proposition 5.2 (Reduction Lemma) Let (M,lu) be a connected and paracompact symplectic man- 
ifold and G a Lie group acting symplectically on it. Let K : M — > g* /Ti. be a cylinder valued momentum 
map for this action with associated non-equivariance one-cocycle a : M 0*/H and N a normal con- 
nected Lie subgroup of G that has n := (Lie (7i)) as Lie algebra. Then for any m G M such that 
K(m) = T^cif-) —■ [fA have 

(i) g[^] • m = kerr,„K n g • m. 

(ii) n[^] • TO = kerT^K n (kerT^K)'^ = (n • m)'^ n n • to. 

(iii) // the Hamiltonian holonomy Ti. is closed in g* then Q[fi] ■ rn — (q ■ m)'^ H g • m. 
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Proof. Let ^ € g. The equivariance of the cyhnder valued momentum map K with respect to the 
affine action imphes that 



r„,K(afM)= I 



K(exp t^-m) = 



t=0 



0cxptcM=C,./H(M)- (5-2) 



This chain of equahties shows that S,m{^tl) G kerr,„K n g • m if and only if ^ G Q[^] which proves (i). 
As to (ii), the second equality is a consequence of part (iii) in Proposition 12.11 This equality and 
(i) imply the first one. Part (iii) follows from part (i) by noticing that when H is closed in g* then 
kerTmK — (g • m)" by part (iii) in Proposition |0] ■ 

Remark 5.3 Notice that the reduction lemma shows how the reduced space that we consider in The- 
orem is the one that is hinted at in the foliation reduction theorem of Cartan. This theorem studies 
the leaf space of the characteristic distribution kerTK n (kerTK)" in the level set K~^([yLt]) that, by 
part (ii) of the previous proposition, coincides with the distribution spanned by the tangent spaces to 
the A^[^]-orbits. 

Proof of Theorem 15.11 The freeness of the action implies, via part (iv) of Proposition that K 
is a submersion and hence the fiber K~^([/z]) is a closed embedded submanifold of M. Additionally, 
the properness condition guarantees that the orbit space M[^] :— K~^([/i])/iV[^] is a regular quotient 
manifold. 

We now show that 1)5. 1|) defines a two-form on M^^y Let m,m' G M, v^^Wm £ 7mK^^([/i]), 
Vin',Wm' G Tm'K~-'^([/i]) bc such that 

7r[^](m) = 7r[^](m'), (5.3) 

TmT:[fj_]{v,n) ^ Trn'7r[fj.]{v,n') and Tm 7r[^] (Wm )= T„i/ TTf^] (w^' ) . (5.4) 

The equality H5.3|l implies that there exists an element n e A^j^jj such that ml = n-ra and hence TmTrj^j = 
Tra'TT[p,]oTra(^\^^^^^^, which. Substituted in yields (T„/7r[^] o T„$) (v„) = Tra'TT[^]{Vm') and 

(T,„/7r[^] o Tm^) {wm) — T„i'TT[f^]{w„i')- This in turn implies the existence of two elements £,,ri E nj^j 
such that rm$(wm) - u„,/ = iM{m'), Tm^{wm) - w„i' = VM{m'). Consequently 

uj{m'){v„i',w„^,) = w($„(to))(T,„<I>(w,„) - ^M(m'),r,„<I>(m„i) - r]M{m')) = w(r7i)(u^, w^). 

In the previous chain of equalities we have used three things. First, by the canonical character of the 
action, ti)($„(TO))(Tm$„(um), Tm$„(wm)) = uj{'m){vm , Wm) ■ Sccoud, the canonical character of the 
action and the reduction lemma imply that 

uj{^nim)){Tm^nivm),riMim')) = a)($„ (to) ) (Tm$„ (u™ ) , Tm^n (Ad„-l?7)^^ (m)) 

= uj{m){vm, {kd.a-irf)M{m)) = 0. 

Finally, for the same reasons, a;(<i>„(m))(T,„$„(ii;„i), ^j\/(m')) — Lj{^n{'m')){i]M{'m'),(,M{'m')) — which 
shows that (|5.1|l defines a two-form cjj^] on Af[^] . Since ttj^j is a surjective submersion and uj is 
closed, so is In order to show that is non-degenerate let g kerT^K be such that 

'^[tj.]{T^[t,]{m)){T„iTT[^]{v„i),TmTT[f,]{w,n)) = for any Wm G kerT„K. By (jHUl), uj{m){vm,Wm) = for 
any Wm € kerr„iK. Consequently, by the reduction lemma, G (kerT„jK)'^ nkerTmK = nj^j • m and 
hence T'm7r[^](wm) — 0, as required. ■ 

Theorem 5.4 Let {M,lu) be a connected and paracompact symplectic manifold and G a Lie group acting 
freely, properly, and symplectically on it. Let K : Af — s- g*/7i be a cylinder valued momentum map for 
this action with associated non- equivariance one-cocycle a : M 0*/^- Let N be a normal connected 
Lie subgroup of G that has (Lie ('W)) as Lie algebra. 

(i) Let F G C°°{M)^ he an N -invariant function on M and let Ft be the flow of the associated 
Hamiltonian vector field X p . Then 



KoFt = K| 



{Ft)- 
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(ii) Let F £ C°°(Af)^ and let Afj^j be the symplectic reduced space introduced in Theorem \5.1i for 
some [ij] G Q* /"H. Let f G C°° be the function uniquely determined by f o ttj^j — F o ij^j. 

Then 

TTT[^]oXFoi[^] ^Xfon[^]. 

(iii) The bracket {•, 'Im;^] induced by lu[^] on M[^] can be expressed as 

{f,h}M,j7T[^]im))^{F,H}im), 

with F,He C°°{M)'^ two local N -invariant extensions at the point m of f o 7r[^],/i o ttj^j e 
C°°(K^^([/i]))^[f'i respectively (see the remark below for an explanation of this terminology). 

Remark 5.5 Let M be a smooth manifold and S an embedded submanifold of M. Let D C TM\s 
be a subbundle of the tangent bundle of M restricted to S such that Ds :— D O TS is a smooth, 
integrable, regular distribution on S. Let ttd^ : S S/ Ds be the projection onto the leaf space of the 
Dg-distribution in S. It can be proved (see lemma 10.4.14 in fQR04) ) that for any open set V C S/Ds, 
any function / e C°°{V), and any z eV there exist a point m G ttJ^], {V), an open neighborhood Um of 
TO in M, and F e C^(C/„) such that 

/ ° T^/Js (y)nc/™ = (y)ni/™ ' 

and 

dF(n)|c(«) = 0, for any n G tt^^ (V) n 

We say that _F is a local D -invariant extension of / o Tr/^g at the point to G ""dsI^)- 

The existence of the local A^-invariant extensions in part (iii) of the statement of Theorem 15.41 is a 
consequence of the result that we just quoted by taking S — K^^([/i]) and D{m) — n-m, m £ K^^([/i]). 
In this setup, the reduction lemma implies that Ds{m) = rij^j ■ m, m £ K^^([/i]). 

Proof of Theorem 15.41 To prove (i) it suffices to show that T'K{Xp) = 0. To see this, note that for 
any m G M such that K(m) = T^cil-i-) we have that T,„K(X^(to)) = T^'Kc{v) where 

= uj{m) {iM{m),XF{m)) = -dF(m) (^/(H) , 

for any £, £ Q. This equality and the iV-invariance of F obviously imply that v £x\° = ^(Lie (7Y))°^ = 

Lie(7i). Hence T^nc{v) — 0, as required. Part (ii) is a straightforward verification. To show (iii) 
recall from Remark l5 . 51 that the existence of the local A^-invariant extensions is guaranteed by Lemma 
10.4.14 in |OR04| . Moreover, by part (ii), 

{fi ^}m[^j (7r[p] (to)) = tj[^] (7r[^] (TO))(X/(7r[^] (to)), Xh{-K[^,] (to))) 

= (7r[^] (to) ) (T™ 7r[^] ( Xi? (to) ) , r,„7r[^] ( (to) ) ) = (TTp^j ) (to) (Xi. (to) , (to) ) 
= uj{m){XF{m),XH{m)) ^ {F,H}{m). ■ 

The optimal momentum map and optimal reduction. A quick overview. As stated in the 
introduction to this section, the analog of the Marsden-Weinstein reduction scheme in the cylinder 
valued momentum map setup yields a Poisson manifold that is related to the symplectic reduced space 
in Theorem 15. II via Poisson reduction. The description of the symplectic leaves of this Poisson reduced 
space will require the use of the optimal momentum map 'OR02' and of the reduction procedure 
that can be carried out with it [002^ that we quickly review in the following paragraphs. We refer to 
these papers or to |OR04| for the proofs of the statements quoted below. 

Let (M, {•,•}) be a Poisson manifold and G a Lie group that acts properly on M by Poisson 
diffeomorphisms via the left action $ : G x M ^ M. The group of canonical transformations as- 
sociated to this action will be denoted by Aq '■= {^g : M ^ M \ g E G}. Let A'q be the G- 
characteristic or the polar distribution on M associated to Aq |O03j defined for any to G M by 
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A'Q{m) :— {Xf{m) \ f G C°°{M)^}. The distribution A'q is a smooth integrable generahzed distribu- 
tion in the sense of Stefan and Sussman |St74a[ [St74bl ISu73| . The optimal momentum map J is 
defined as the canonical projection onto the leaf space of A!q, that is, J" : M — > Mj A!q. By its very 
definition, the levels sets of J are preserved by the Hamiltonian flows associated to G-invariant Hamilto- 
nian functions and J is universal with respect to this property, that is, any other map whose level sets 
are preserved by G-equivariant Hamiltonian dynamics factors necessarily through JT. By construction, 
the fibers of J' are the leaves of an integrable generalized distribution and thereby initial immersed sub- 
manifolds of M |Daz85| . Recall that N is an initial submanifold of M when the injection i : N ~* M 
is a smooth immersion that satisfies the following property: for any manifold Z , a mapping f : Z —i- N 
is smooth if and only if i o / : Z — > M is smooth. 

The leaf space M/Aq is called the momentum space of J. Wc will consider it as a topological 
space with the quotient topology. If to G M let p := J'(m) e AI/Aq. Then, for any g e G, the 
map ^g(p) = J{g ■ m) G M/A'q defines a continuous G-action on M/A'q with respect to which J 
is G-equivariant. Notice that since this action is not smooth and M/A'q is not Hausdorff in general, 
there is no guarantee that the isotropy subgroups Gp are closed, and therefore embedded, subgroups of 
G. However, there is a unique smooth structure on Gp for which this subgroup becomes an initial Lie 
subgroup of G with Lie algebra 2p given by 

Bp = U e I CmM e T„,J-\p), for all to e J-^ip)}. 

With this smooth structure for Gp, the left action : GpX J^^{p) J^^{p) defined by $''(5,2) := 
<I>(f/, z) is smooth. 

Theorem 5.6 (| O02 p Let (M, {•,•}) he a smooth Poisson manifold and G a Lie group acting canon- 
ically and properly on M. Let : M —> M/A'q be the optimal momentum map associated to this 
action. Then, for any p G M/A'q whose isotropy subgroup Gp acts properly on J~^{p), the orbit space 
Mp := J'~^{p)/Gp is a smooth symplectic regular quotient manifold with symplectic form ojp defined by: 

TT*ujp{m){Xf{m),Xh{m)) = {/,/i}(to), for any m G J^^{p) and any f,h£ C°°{M)^. (5.5) 
The map Wp : J^^^{p) J^^^{p) / G p is the projection. 

Suppose now that the G-action is free and proper. It is well known that the orbit space M/G is a 
Poisson manifold with the Poisson bracket {•, -Im/Gj uniquely characterized by the relation 

{/, .9}j\//G(7r(TO)) = {/ o TT, g o ttKto), (5.6) 

for any to G M and where /, g : A//G ^ M are two arbitrary smooth functions. A fact that we will use 
in the sequel is that the symplectic leaves of (M/G, {•, -Im/g) are given by the optimal orbit reduced 
spaces (j'^^(C'p)/G, wOp), Cp '■= G ■ p, p G M/A'q, that are symplectically diffeomorphic to the optimal 
point reduced spaces introduced in Theorem l5.6l via the map iTpirn) 1 — > -kq (m), with m G J^^^(p) and 
TTo, ■■ J'^{Op) ^ J-\Op)/G the projection. 

Theorem 5.7 Let {AI,uj) be a connected and paracompact symplectic manifold and G a Lie group acting 
freely, properly, and symplectically on it. Let K : Af — )■ 5* /Ti be a cylinder valued momentum map for 
this action with associated non-equivariance one-cocycle a : M 3* /Ti.. Let N be a normal connected 
Lie subgroup of G that has (Lie {'H)) as Lie algebra. Then for any [p] G Q* /H: 

(i) The orbit space M^'^l := K~^([/z])/G[p] is a regular quotient manifold endowed with a natural 
Poisson structure induced by the bracket {•, -ImIi^i determined by the expression 

{/,/l}MH(^[^l(™)) = {^^,i/}(TO), (5.7) 

where G[^] denotes the isotropy subgroup of [p] with respect to the affine G-action on 0*/7i con- 
structed using the non-equivariance cocycle u ofK, tt^'^I : K~^([/x]) — > 'K~^([p])/G[p] is the pro- 
jection, and F, H G G°°{AI)'^ are local G-invariant extensions of f o Tr^^l and h o tt^^I around the 
point m, respectively. We will refer to the spaces A/[^l as the Poisson reduced spaces. 
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(ii) The Lie group := G[p]/iV[^] acts canonically, freely, and properly on , ) . The reduced 
Poisson manifold (Afj^j/iJj^j, {•, -l/fj^j) is Poisson isomorphic to (M^^l, {•, -j^.^in]) via the map 

where t^H[^] '■ M^^^ — !■ M[^]/_ff[^] is the projection. 

(iii) Let jT/fj^^j : ] ^'^^ optimal momentum map associated to the H\^^y action on 
Af[^]. Suppose that for any p g Mj^j/A^^ t/ie isotropy subgroup (^[^])^ acis properly on the 
level set J^u^^{p). Then the symplectic leaves of (Af , {•, -j^.^ [j,] ) are given by the manifolds 
^ (JhI {Op)/H[^]), for any p e M^^^/A'^^^^ . 

(iv) Let : M ^ M /A'q be the optimal momentum map associated to the G-action on M and let 
m G M be such that K(m) — [p]. Then J7~^(p) C K~^([^]) and Gp C G[^]. // the isotropy 
subgroup Gp acts properly on J^^{p) then {Mp := J^^{p)/Gp,ujp) is a smooth regular quotient 
symplectic manifold and the map 

L: J-\p)IGp K-1([m])/G[^] 

is well defined, smooth, injective, and its image is the symplectic leaf L^i^ij^^-^ o/ (Af [''1, {•, -j^^ln]) 
that contains 7r[^l(m). //, additionally, Cf~^{p) is a closed subset of M then L is a Poisson map 
and the Poisson bracket {•, - jMp induced by the symplectic form ujp is determined by the expression 

{f,h}MM^)) = {P'H}{z), (5.8) 

where F,He C°°{M)'~^ are local G -invariant extensions of f o iTp and h o np around the point 
z € J'^ip), respectively. 

Remark 5.8 This theorem hnks aU the three reduction schemes induced by a free, proper, and canonical 
action on a symplectic manifold. On one hand, we have the two possible reductions using the cylinder 
valued momentum map: Af[^] the symplectic and A/[^I the Poisson reduced spaces that are related to 
each other via Poisson reduction by the quotient group G[^]/7V[^]. On the other hand, we can carry out 
optimal reduction; point (iv) in the previous statement shows that the optimal reduced spaces are the 
symplectic leaves of the Poisson reduced space M^^l. 

All these three reduced spaces are, in general, different (see the example below). Nevertheless, we 
note that if Ti is closed in g* then (Lie {'H)) — (Lie (7Y))° — Q and hence G[^] — N[p] , H^^^ = {e}, Af[^] = 
Af[''l. Moreover, in this situation, the closedness hypothesis needed in point (iv) of the statement of the 
theorem always holds and the optimal reduced spaces are the connected components of AT = Af [''1 . 
This is so because whenever H is closed in q* then, by Proposition 12. II kerT^K — (g • z)'^, z € AT, and 
hence TzJ'~^{p) = kerT^K, z £ J~^{p), which shows that J~^{p) is one of the connected components 
of K^^ ([//]) and hence is closed in M. 

We emphasize that the closedness of 7i in g* is a sufhcient, but in general not necessary, condition 
for the three reduced spaces to coincide (see Example I6.11|l . 

Example 5.9 The following elementary example shows that the three reduced spaces in the statement 
of theorems 15.11 and 15.71 that is, the Poisson, the symplectic, and the optimal reduced spaces, are 
in general distinct. Let Ai^ := x be the product of two tori whose elements will be denoted 
by the four-tuples (e**\ e**^ , e''''^ e*'''^ ) . Endow M with the symplectic structure lo defined by w := 
d^i A (16*2 + V2 d^i A 01-02- Consider the canonical circle action given by e'"^ • (e*^i, e*^^ e'^^S e*'^^) ■- 
(g^(el+0)^g^e2^g^(Vl+0)^e'^2) and the trivial principal bundle {M x R) ^ M with (R, +) as structure 
group. It is easy to see that the horizontal vectors in T{M x R) with respect to the connection a defined 
in H2.1() are of the form ((ai, 02, bi, 62), —02 — \/2&2), with ai, 02, 61, 62 G R- The surfaces C Af x R 
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of the form Mr := {((e*®S e*^=, e^'^S e*'^^), r - 6*2 - V2^p2) G M x K | ^i, 6*2, '02 e K} integrate the 
horizontal distributijsn spanned by these vectors. 

Take now M := Mq and consider the projection p : M —> M. It is clear that p~i(e*^i , e'^^'S e''^") = 
{(e*^^e*^^e*'^^e''^^-(6'2 + 2m:) - V2{Tp2 + 2m7r)) \ m,n e Z}. Since the Hamiltonian holonomy H 
coincides with the structure group of the fibration p : M ^ M, it follows that H = Z + V2Z C M. In 
this case H is indeed not closed; moreover H is dense in R, that is, 7i = M. Therefore, in this case, 
the cylinder valued momentum map is a constant map since its range is just a point and the group 
N = {e}. Hence the symplectic reduced space M[^] equals the entire symplectic manifold T** and the 
Poisson reduced space Afl'^l equals the orbit space T^/S^. 

We now compute the optimal reduced spaces. In this case, C°°{M)^ consists of all the functions / of 
the form /(e^^S e*^^ e'^^S e'^^) = g(e'^^ e*'^^^ e'^^^-'^i)), for some function g e C°°iT^). An inspection 
of the Hamiltonian flows associated to such functions readily shows that the leaves of ^gi, that is, the 
level sets J^^^{p) of the optimal momentum map J, are the product of a two-torus with a leaf of an 
irrational foliation (Kronecker submanifold) of another two-torus. The isotropy subgroups Sp coincide 
with the circle S^, whose compactness guarantees that its action on J^~^{p) is proper. Theorem 15.61 
automatically guarantees that the quotients 

Mp := J-^{p)/Sl ~ (T^ X {Kronecker submanifold of T^}) /S^. 

are symplectic and, by Theorem 15.71 they are the symplectic leaves of the quotient Poisson manifold 

Proof of Theorem 15.71 (i) The smooth structure of A/[^l as a regular quotient manifold is a con- 
sequence of the freeness and properness of the G-action, using the same arguments as in the proof of 
theorem 01 Let S := K~i([^]) and D C TM\s be defined by D{m) := g • m, m e M. The reduction 
lemma guarantees that the distribution Ds := D D TS in S coincides with the tangent spaces to the 
G[p]-orbits and hence lemma 10.4.14 in |OR04| guarantees that the local G-invariant extensions used 
in the expression l(57jl do exist. Let B« : T*M TM be vector bundle isomorphism induced by the 
symplectic form w on M. Since for any m G K^^([/i]) 

B^{Tn){{D{m))°) ^ {D{rn)Y = (g • to)" C (n • to)" = kerT^K, 

it is clear that B^{D°) C TS + D and hence the Marsden- Ratiu Theorem on Poisson reduction |MR86| 
guarantees that (|5.7I) is a well defined bracket, 
(ii) The if [^j -action on M[^] is given by 

Gm ■ 7r[p] (m) := tt;^] (g ■ m), g G G[^] . 

This action is obviously canonical, free, and proper, and hence M[^]/7J[^] is a smooth Poisson manifold 
such that the projection tt^Tj^j is a Poisson surjective submersion. It is easily verified that ^ is a 
well-defined smooth bijective map with smooth inverse given by 

^ [^1 (to) ^ 7r//(^, (^[p] (™) ) , meK-\[p.]). 

Consequently, 5* is a diffeomorphism. In order to show that 'J is Poisson let ^°7''ff[j,] '■ ^[fj.] ~^ 
Notice that '5 makes the diagram 
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commutative. Since ttj^j and tt^/j^j are surjective submersions it follows that ^' is Poisson if and only if 
which is equivalent to 

{/,Ma./h(>'M) -{/°*>°*}a/h('^mM)- (5-9) 

for any /, /i G C°°(M[^1) and m G K-i([/i]). By part (i), the left hand side of equals {F, H}, with 
F,H£ C°°{M)'^ local G-invariant extensions at m of / o vrl''] and g o ttI^I, respectively. Additionally, 
since the bracket {•, ■}mi^j is induced by the symplectic form it equals, by part (iii) in theorem l5.4l 
{F, H}{m) with F,H ^ C°°{M)^ local A^-invariant extensions at m of / o vl/ o 7r[^] and /i o v[/ o ttj^j, 
respectively. Since ^'ottj^j = ttI^I , F and can be taken to be F and H, respectively, which proves H5.9|l . 

(iii) This follows from part (iv) in Theorem 10.1.1 of |UR04| . 

(iv) By ProDOsition l2.1l we can think of the connected components of the level sets of K as the maximal 
integral manifolds of the distribution D in M given by D{z) = (n • z)'^, z G M. Since (n • z)'^ D 
(g • z)'^ = A'q{z) and the level sets of the optimal momentum map are the maximal integral manifolds 
of Aq, we obviously have that J^^{p) C K^^([^]). Let now g € Gp and m' :— q ■ m. Since J is 
G-equivariant we have J{m') = J^(g ■ m) = g ■ p — p and hence m' G K~^([/z]) which in turn implies 
that [fj] = K(m') = K{g ■ m) — g ■ K(m) — g ■ [p\ and hence guarantees that g G G[p\- 

If Gp acts freely and properly on J'^ ^ (p) then the hypotheses of the optimal reduction theorem l^^ are 
satisfied. The map L is just the projection of the (Gp, G[^])-equivariant inclusion J~^{p) ^ K~-^([/x]) 
and is hence well defined and smooth. Injectivity is obvious. We now show that L{Mp) = C^[n.\^^y 
Let TTp{z) G Mp. By the definition of the optimal momentum map there exists a finite composition 
of Hamiltonian flows Ft^ , ■ ■ ■ , -Ft„ corresponding to G-invariant Hamiltonian functions such that z = 
(F/^ o • • • o )(to). For simplicity in the exposition take n = 1 and let F G C°°{M)'^ be the function 
whose Hamiltonian flow is Ft- Let / G G°° (M^'^l) be the function defined by Foil^l = /ottI^I. It is easy 
to see that the Hamiltonian flow f/ oi Xj in Ai^I^l is such that f{ o o Fj o il^l . Consequently 

L{^p{z)) = L{^p{Ft{m))) = ^[^l(F(m)) = Fi {ii^^^m)) G 

This argument can be reversed by using local G-invariant extensions of the compositions of the functions 
in Afl*"! with tt^'^I (that do exist by part (i)) and hence proving the converse inclusion C L{Mp). 

The closedness hypothesis on J~^{p) imphes that this set is an embedded submanifold of M (re- 
call that closed integral leaves of constant rank integrable distributions are always embedded |UN85p . 
Additionally, it can be proved (see Proposition 4.5 in |OR02| ) that under this hypothesis the isotropy 
subgroup Gp is closed in G and that 

Qp- z = T,J-\p)C^Q■ z, z^J-\p). (5.10) 

Consequently, the form of the bracket (|5.8|l is obtained by mimicking the proof of part (iii) of Theo- 
rem Notice that the local G-invariant extensions needed in H5.8|l always exist by Lemma 10.4.14 
m 

PRO3, which can be applied due to the fact that J ^ [p) is an embedded submanifold of M and 1)5.10(1 
holds. The Poisson character of F is a straightforward consequence of (|5.7|) and (|5.8I) . ■ 

6 Example: Magnetic cotangent bundles of Lie groups 

Let G be a finite dimensional Lie group and T*G its cotangent bundle endowed with the magnetic 
symplectic structure uJ^ :— LUcnn — 7r*i?s, where Wcan is the canonical symplectic form on T*G, tt : 
r*G ^ G is the projection onto the base, and Be G ri^(G)*^ is a left invariant two-form on G whose 
value at the identity is the Lie algebra two-cocycle E : g x g ^ R. Since E is a cocycle it follows that 
is closed and hence uTs is a symplectic form. 

The cotangent lift of the action of G on itself by left translations produces, due to the invariancc of 
-Bs, a canonical G-action on (T*G, oJs). In the absence of magnetic terms this action has an associated 
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coadjoint equivariant momentum map J : T*G — > g* given by (J(ag),^) := (a^, Tei?g(^)), ag € T*G, 
f G 0. It is well known that the Marsden-Weinstein reduced spaces associated to this action are naturally 
symplectomorphic to the coadjoint orbits of the G-action on g*, endowed with their canonical Kostant- 
Kirillov-Souriau orbit symplectic form. The magnetic term destroys this picture in most cases. As we 
will see later on in this section, (T*G, ws) has, in general, a non-zero Hamiltonian holonomy Ti. and 
hence the lift of left translation does not admit anymore a standard momentum map. This forces us, 
when carrying out reduction, to work in the degree of generality of the preceding section. We will hence 
compute in this setup the cylinder valued and the optimal momentum maps and will characterize the 
three reduced spaces introduced in theorems 15.11 and 15.71 One of the conclusions of our discussion will 
be the fact that the resulting reduced spaces are related not to the coadjoint orbits but to the orbits 
of the extended afBne action of Ge on g*, with Ge the connected and simply connected Lie group 
that integrates gs, the one-dimensional central extension of g constructed using the cocycle E. More 
specifically, the optimal reduced spaces are naturally symplectomorphic to these orbits which shows 
that, in this context, optimal reduction is the natural generalization of the picture that allows one to 
see in the standard setup the Kostant-Kirillov-Souriau coadjoint orbits as symplectic reduced spaces. 

In order to make the problem more tractable we introduce the left trivialization A : T*G —> G x g* 
of T*G given by X{ag) := {g,T* Lg{ag)), for any ag e T*G. Its inverse A'^ : G x g* T*G is 
A~^((7,/i) = T*Lg-i{^), e G X g*. The cotangent lift of left translations on G to T*G is given in 

this trivialization by h ■ {g,fJ.) — {hg,ii), h, g Cz G, ii €z q* , and hence the infinitesimal generators take 
the form 

eGxr(5,M) = (rei?g(O,0) = (TeLg(Ad<,-iO,0), ^ ^ g. (6.1) 
Additionally, the magnetic symplectic form := (A^^)*ZI^ on G x g* has the expression 

uj^{g,iy){{T,Lg{0,p),{TeLg{v),<j)) = {'^,0 - {p,ri) + {,^,[^,v]) ~ m,v)- (6.2) 

In order to compute the cylinder valued momentum map of the canonical G-action on (G x g*,ujs) we 
note that the horizontal distribution associated to the connection a on the bundle (G x g*) x g* G x g* 
defined in l|TT|l equals, by (|^ and (|^ . 

H{{g, m), i^) = mLgiO, P, Ad;-, {p ~ ad^A^ + ■)) \ ^ e Q, p E g*}. (6.3) 

Proposition 6.1 Let G x q* G be the trivial principal fiber bundle with structure group (g*, -f-) and 
where the action is given by Ru{g, p) (g, p — v), g <E G, p,v <E Q* . 

(i) The distribution Hq on G x q* given by 

HG{g,p) - mLgiO,Ad;-.m,-))) U e g} 
defines a flat connection uq on G x q* ^ G. 

(ii) The holonomy bundle (G x g*)(g ^ ^-^ of the connection a defined in \2.1]) that contains the point 
{g,p, v) £ {G X g*) x g* is given by 

(G^*)(<,,^,,) ={(^P,Ad^lp + T) \peQ*,{h,r) G %,_Ad:-iM)>' 

where ^ js^^* ^^-j is the holonomy bundle of the connection ac containing the point [g^v — 
Adl-.p)'' 

(ill) The holonomy group TLg of ac and the Hamiltonian holonomy 7i of the G-action on (G x g*, ws) 
coincide, that is, Ti. — Tic- 

Proof, (i) The vertical bundle Vg of G x g* ^ G is given by Vcig^p) = {(0,p) | p G g*}. It easily 
follows that T(^g,f,)iG x g*) Hcig^p) ® Vaig^p) and that Ti^g^^^R^iHcig, p)) = Haig^p- v), for any 
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g £ G, pL,v ^ Q* , which proves that Hq is the horizontal bundle of a connection on G x g* ^ G whose 
associated one-form ac G S1^(G x g*;0*) is 

aG{9,^J^) {TeLgiO, p) = Ad^-i •)) " P- 

In the computation of this expression we used that the horizontal t;^ and vertical vj^ components 
of any vector V(g^^) = {TeLg{C),p) are given by wg^^, = (reLg(^), Ad*-i •))) and w^^^, = (0,p- 
Ad*-i(S](^, •))). The flatness of ac will be obtained as a consequence of point (iii) and of the discrete 
character of Ti. (see below). 

(ii) Let (/i, t) G '-^(g jy-Ad' i/^)' definition, there exists a piecewise smooth horizontal curve 

(g(i), T{t)) such that 5(0) = /, .g(l) = h, t(0) = i^-AdJ-i/i, ^(1) = t, and r'(<) = Ad*(,)-i {^{Tg^^t)Lg{t)-^ (g'it)), •)) . 
The piecewise smooth curve j{t) :— (g(t), p(t), Ad*(t-)-i/i(t) + T(t)), with p{t) an arbitrary smooth curve 
in g* such that p{0) = /i and /i(l) = p, satisfies 7(0) = (5, /i, i^), 7(1) = {h, p, Adj!j_ip + r), and is hori- 
zontal. Indeed, let ^(t) := Tgi^ts^Lg(^tyi{g' {t)) e q. Then 

7'(t) = (r,i,(,)(e(t)),M'(i),Ad;(,)-,/i'(t)-Ad;(,)-, [^Ai^tAt)) +r'{t)) 
= (rei,(i)(e(t)),M'(0,Ad;(,)-, (A.'(i)-ad^*(,)Mi) + S(?(t),-))) , 

which belongs to H{-f{t)) by This proves that {h, p, Ad^-ip + r) G (G x g*)/ . 

Conversely, let {h,p,a) e (G x 0*)(g^jy)- By definition, there exists a piecewise smooth horizontal 
curve 7(t) := {g{t),p,{t), ^{t)) such that 7(0) = (5, /i, i^), 7(1) — {h, p, cr), and 

,y'{t) = Ad;(,)-, (m'(0 - ad^Mt) + ^m, •)), (6.4) 

where ^(t) = Tgt^t)Lgt^t)-^{9' {t))- We now show that {h,p,(j) — {h, p, Ad^-ip + t) where (/i,t) g 
^(s,.-Ad;-ip)- Let T(t) ;.(*) ~ Ad;(,)-i/i(i). Notice that t(0) = - Ad^-ip, t(1) = - Ad^ip, 
and that, by (|6.4|l . r'(t) = Ad*^^-,-! (S(^(i), •)), which shows that {g{t), r(i)) is horizontal. Consequently 
{h,p,a) = ((7(1), p, AdJ^-ip + t(1)) and hence the claim follows. 

(iii) Let ^ £ ?i be arbitrary. Then there exists a loop {g{t),p{t)) in G x g* whose horizontal lift 
{g{t), p{t), p{t)) satisfies that p = p{l) — p{0). Consequently, using horizontality 

p = p'{t)dt - ^ Ad;(,)-i (p'(t) - ad^(,)p(t) + E(e(t), •)) dt 

= (I (Ad;(t)-ip(i)) + Ad;(,)-.E(e(t), •)) rfi - kA*g^,)-^m{t). ■)dt, (6.5) 
where £,{t) = Tg(j.-^L g(j.-^-i{g' [t)) . Therefore the loop g{t) in G has a horizontal lift ((7(i), v{t)) such that 

Ki)-K0)= Cv'{t)dt= f\dl^t)-.j:m,-)dt^p, 

Jo Jo 

which proves that p G Ti-c- The converse inclusion is obtained by reading backwards the previous 
argument. 

Finally, the equality Ti. — Hq implies that the connection ac is flat since the tangent spaces to the 
holonomy bundles equal the horizontal distribution because Lie (H) = {0}. Indeed, as the distribution 
associated to the holonomy bundles is integrable by general theory this shows that the horizontal 
distribution is integrable and hence the associated connection is flat. ■ 

Remark 6.2 If the Lie algebra two-cocycle S can be integrated to a smooth g*-valued group one-cocycle 
(7 : G ^ g*, that is 

I](^,-)-Te(T(0, for any C eg. 
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then the holonomy bundles Gjg^^j are the graphs of a. More specifically 

G(g^p) = {{h, a{h) +11- cr(.g)) \ heG}. 
In this particular case Tic ~ {0} and hence, by Proposition lti.ll Ti, = {0}. 

We are now going to use the central extensions and their actions introduced in Section^ to better 
characterize the holonomy bundles of a and ac ■ This will allow us to give an explicit expression for the 
cylinder valued momentum map of the G-action on the magnetic cotangent bundle (G x q* ,uj-^). 

Proposition 6.3 Let gs be the one- dimensional central extension of the Lie algebra q determined by 
the cocycle E, Gs the connected and simply connected Lie group that integrates it, and : Ge —> q* 
the extended q* -valued one cocycle introduced in Proposition \4-4\ The holonomy bundle G(;i of the 
connection ac that contains the point {h, G G x g* equals 

G{hM) = |(7rG(?),Ms(?"^) - /iE(^"^) + v) I g-,h e Ge such that TTcih) = , (6.6) 
with ttq : Gs G the projection. 

Proof. Since G(;j — i?_y(G(;j p)) it suffices to show that 

G(hfi) = {(7rG(5),Ms(?"^) -Ais(/i"^)) | g,h G Gs such that TTaih) = /i} • (6.7) 

We begin with the inclusion D. Let 'g G Gs and 'g{t) a piecewise smooth curve in Gs such that g{0) — h, 
g{l) — g, and where TTa{h) ~ h. We will show that the clement (ttq (g) , /is (g^ ^ ) — /is(^~^)) belongs 
to G(/i_o) by proving that the curve j{t) :— {■KG{g{t)), ^^{g{t)^^) — /is(/i^^)) is horizontal and connects 

(/i,0) with {ttg{9),M9~^)- l^^(h-^))- Indeed, 7(0) = (/i,0), 7(1) = (^0(5), Ms(?-^) - A^sC/^"^)), and 
7(t) is horizontal because if we write 

^7rG(5(t))=TeL,(,)(e(i)), 
where g{t) := tig{W)) and ^(i) Tg(^t)Lg(^t)-i{g' {t)), then by Proposition |33l 

^Ms(?(i)"') = (Ad;(,)-iMs(?(t))) = -Ad;(,)-i (-adj(,)/is(?(i)) + Tg(t)Ms(5'(i))) • (6.8) 
Now let (^(t), s{t)) := Tg(^t)Lg{t)-^{d' (t))- It turns out that f(t) = ^{t) because 



m - ^Mt), sit)) - T^TTcm, sit)) = ^ 



^G(5(<)"'5(t + e)) 



7rG(5(0"')^G(5(i + e)) = ^ 



e=0 

git)-' git + e) = (^'(O) = 



e=0 



and hence H6.8|l equals, by Proposition 14.41 



j^Mdit)-') = -Ad;(,)-, (-ad^(,)/.s(5(t)) + ad^(,)A*s(5(t)) - ^it), •)) = Ad;(,)-, (I](e(t), •)) 

which shows that 7(t) is horizontal, as required. 
We prove next the reverse inclusion 



G 



ih,o) C |(7rG(g),AiE(? ^) - A*s(/i ^)) I g,h G Gs such that ndh) = /i| 



by showing that any piecewise smooth horizontal curve jit) C G(;j p) such that 7(0) = ih,0) satis- 
fies jit) G |(7rG(5), /is(?~^) — Ms(/i^^)) I ?, G Gs such that Ticih) = ^| for all t G /, where / is the 
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time interval on which 7 is defined. Let g(t) and n{t), t £ I, he two curves in G and g*, respec- 
tively, such that '-f{t) = {g{t), fi{t)). The horizontality of '-f{t) imphes that fi'{t) = Ad*(t-)-i (S(^(i), •)), 
with ^{t) = Tg[t)Lg(j_yi{g' [t)). Since the map ttq ■ ^ G is a surjective submersion it ad- 
mits local sections. In particular, there exists an open neighborhood U of /i in G and a map a : 
U C G ^ Gs such that ttq o cr = id\u and (t(/i) = h. The smoothness of the curve g{t) im- 
plies that there exists < to G / such that g{t) G U for any t e [0,to]- Let g{t) := (j{g{t)) and 
vit) := ii^{g{t)-^)-^i^(h'^). We wiU show that the curve 7^ (t) = (7rG(?(i)), Ms(?W"^)- 

C |(7rG(?),Ms(?"^) - me(/i~^)) I e Ge such that TTcih) = /i| is such that j^{t) = 7(t), 

for any te [0,io]- Notice that since 7^ (0) = {g{0),iy{0)) = {h, ^J.^{aig{0))-^)- ij^(h-^)) = {h,^i^(h-^)~ 
/iE(/i~^)) = {h,0), the uniqueness of horizontal lifts guarantees that it suffices to check that jait) is 
horizontal. Given that ■KQ{jj{t)) — g[t) for any t € [0, io]j argument similar to the one in the first 
part of the proof shows that 

?'(t)=Tg(,)Lg(,)-l(^(t),s(t)), (6.9) 

where ^{t) ~ Tgij.-^Lg(i-^-i{g' {t)) and s{t) is some piecewise smooth curve in M. The use of (|6.9|l and of 
Proposition 14.41 in a straightforward computation show that v'{t) = Ad*((-)-i (I](^(t), •)), which proves 

that7(j(t) is horizontal and hence 7(j (t) = 7(t) C |(7rG(?), /''e(5 "'^) ^ l^-^ih^^)) | g, /i G G^,TiG{h) = 
for any t € [0, to], as required. We can repeat what we just did by taking a local section ai of ttq around 
(7(^0) which will allow us to construct a curve 7cti (t) C {{TTG(g)i fJ'^id~^)~ ^^'sih~^)) \ g,hG G^^TToih) = 
h}, t e [<07^i], ti > to, such that Jai{t) — 7(t), for any t £ [to,ti]. The compactness of / guarantees 
that by repeating this procedure a finite number of times we can write 7 as a broken path made of finite 
smooth curves included in {(Trcid), ~ Ms(/i~^)) | g, G GY^^ircih) = K\ which proves that 7 

itself is included in { (ttg (^) , (ff ^ ^ ) — IJ-T.{h'^)) \g,h£ GT,,nG{h) = h}, hence proving the desired 
inclusion. ■ 

Corollary 6.4 In the setup of Provosition W^ the following inclusion holds 

Hcifi^iGs). 

Proof. Since H = Hg by Proposition 16.11 it suffices to show that Hg C /^^(Ge). Let i' E Hg- By 
definition, there exists a loop g{t) in G such that g{0) = g{l) — e with a horizontal lift ^{t) = {g{t), fi{t)) 
that satisfies 7(0) — (e, 0) and 7(1) — (e, ly). The compactness of the interval [0, 1] implies that we can 
take local sections (Ti, . . . , cr„ of the projection ttg : Ge — > G and that we can split the interval [0, 1] 
into n intervals of the form [ti-i, ti] with = to < ti < . . . < tn — I such that for any i e {1, . . . , n} 
we can define gi{t) := ai{g{t)), t e [ti^i^ti]. The sections di, . . . , cr„ are chosen in such a way that 
^(0) = e and gi{ti) — 'cji^iiti). Moreover, by construction, g{t) — TTG{^i{t)) for any t e [ti^i,ti] 
and hence a strategy similar to the one in the first part of the proof of Proposition 16.31 shows that 
71 (t) := (TTG^giit)), ^■s{gi{t)~^)) is a piecewise smooth horizontal curve for aG such that 7i(0) = (e,0) 
and hence 71 (t) = lit), for any t G [0, 1]. Consequently, v = /iE(5n(l)) G 1^y.{Gy.), as required. ■ 

Theorem 6.5 Let (G x g*,WE) be a magnetic cotangent bundle 0/ the Lie group G. The map K ; 
G X g* — ^ Q* /Ti given by the expression 

K(g, ri) = TTG (Ad;-i77 + Ais(r') + ^0) = ^id, V + n) + nGM (6.10) 

is a cylinder valued momentum map for the canonical G-action on (G x g*, lu^). The element Uq e g* is 
an arbitrary constant, {g,r]) G G x g* is arbitrary, andg S Ge is any element such that TTcid) = 5- The 
map T^E : Ge — > g* is the extended q* -valued one-cocycle associated to E and S : Ge x g* /Ti. 9* /Ti 
the associated G^-action on g* /Ti. 

The non-equivariance cocycle a : G 9* /Ti o/K is given by 

a{g) = TTG (fi^ig-^) + 1^0 - Ad;-^{lyo)) , (6.11) 

with g (z G and g e Ge such that TTcij)) = 9- Finally 



fj.^{keT ttg) C Ti. 



(6.12) 
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Proof. If wc put together the conclusions of propositions 16.11 and 16.31 we can conclude that for any 
{h,^i,v) e G X g* X g* 

Hence setting := v — Ad^-i/i — fj,^{h^^) and using the definition of the cylinder valued momentum 
map with this holonomy bundle we obtain that 

K(g,?7) = TTc (Ad*-i?7 + /is(5"^) + i^o) = E{g,T] + n) + ttcM- 
In order to prove l|6.11(l recall that by ProDOsition l3.4l 

a{g) = K{g ■ (e, 0)) - Adl-,K{e, 0) = TTciMd'^) + ^^o) - 7rc(Ad;-ii'o) = TTciMd'^) + i'o - Ad^-ii/o). 

Finally, let h G kerTTQ. By (|6.11() . = (7(e) = 7rc(Ms(/i^^))- Consequently fis{h^^) = — Ad*j-i/is(/i) € 
H and hence, by H3.1|l . G 7Y. 

Remark 6.6 If there exists a group one-cocycle that integrates S, that is, the equality H4.12|l holds 
then we can use the affine G-action : G x g* — > g* introduced in Remark |4.6I in order to express the 

holonomy bundle (G x g*)^,^ ^ as the graph 

(G X g*)(^,^,,) = {ig,vM9,v)~'^iKti) + u) I 5 e G,77 e g*}. 

In this case the Hamiltonian holonomy Ti. is obviously trivial and the cylinder valued momentum map 
is the standard momentum map given by 

K(5,77) = ©(ff,??) + f^o = 6(5,77) + Z/0, (5,77) e G X g*. 

Once we have computed the cylinder valued momentum map for the symplectic G-action on the 
magnetic cotangent bundle (G x g*,a;s) we will carry out reduction in this context. According to 
Theorem 15.71 the optimal reduced spaces provide the symplectic leaves of the Poisson reduced spaces. 
In the next two theorems we will describe these two reduced spaces in the setup of this section. As we 
will see, the optimal reduced spaces can be seen as the Gs-orbits in g* of the extended afhne action, 
while the Poisson reduced spaces are, roughly speaking, the H-saturation of these orbits. 

Theorem 6.7 (Optimal reduction of magnetic cotangent bundles) The optimal reduced spaces 
of the canonical G-action on the magnetic cotangent bundle (Gxg*,ciJs) are symplectically diffeomorphic 
to the orbits corresponding to the extended affine action S : Gs x g* — » g* of Ge on g* endowed with 
the symplectic structure that makes them the symplectic leaves of (g*, {•, - j^) (see Proposition \4-S}) . 

Remark 6.8 When the magnetic term is set to zero then Gs ~ G (suppose G is connected) and the 
extended affine orbits become the G-coadjoint orbits. Consequently, this theorem shows that optimal 
reduction, and not the other reduction schemes presented in this paper, generalizes to the magnetic 
setup the well known result that says that the Marsden-Weinstein reduced spaces of the lifted action 
of a connected Lie group G on its cotangent bundle (endowed with the canonical symplectic form) are 
symplectomorphic to the G-coadjoint orbits in g*. 

Proof. In order to compute the polar distribution A'q of the G-action on (G x 2*,uj^) notice that for 
any / G C°°{G x g*)*^ ~ C°°{9*), the corresponding Hamiltonian vector field Xf is 

and hence by (|4.1UI) we can write 

A'aig, 1^) = migiO, ad^T. - S(^, •)) U e 0} = {(r,L,(^,(77)), -77^. (z.)) | 77 G g^}. 
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Consequently, the leaves of A'q are given by the orbits of the right Gs-action T : Gs x (G x g*) 
G X g* defined by T{g, {h, i')) :— {hTTG{g),'^{g~'^ , i')), {h,v) S G x g*, g G Ge. The momentum space 
(G X q*)/A'q can be identified with the orbit space (G x q*)/Gy. and hence for any p £ {G x q*)/A'q 
there exists an element /i € 0* such that J^^{p) = Gs • (e,/i). Moreover 

Gp = {g<EG\g - (e, ^) = T(/i, (e, //)) for some /i £ Gs} 

= {.g e G I (.g, /i) = {TTG^h), E{h~^,fi)) for some h e Gs}, 

which guarantees that 

Gp = ^g((Gs)^). (6.13) 

Consider now the smooth surjective map 

^: J-\p) =Gs ■ {e, fi) ^^s-A^ 
(7rG(5),S(g-\/i)) I — > 

The map (j) is clearly Gp-invariant and hence it drops to a smooth surjective map 

cl):J-\p)/Gp^G^-fi. 

The map is injective because if 0(7rp(7rG'(.g), /i))) = 4>{TTp{TTG{h), ^{h~^ , fJ,))) then S[hg~^ , p) = ^ 

and hence 7rG(/i)7rG((7~^) € G^ bv H6.13|l . Therefore 7rG(/i)7rG(g~^)-(7rG(5), ^)) = {TTG{h),E{g~^ , p)) 

{TrG{h),E{h-^,p)) and hence TTp{TrG{g),'B.{g-^ , p)) ^np{7TG{h),E{h^^ , fi)). 

The map is a diffeomorphism because for any S((;~^,/i) G Gs • M there is a smooth local section 
■ ^S(g-i,p) C Gs • /i - Gs/(Gs)^ ^ Gs such that the map 

: UEi,-^,p) ^ _ J~\P) _ 

E{h-\p) ^ {TTG{<j{E{h-\p))-^),E{h-\p)) 

is a local smooth inverse of (j). Finally, the symplectic character of (j) is proved via a straightforward 
diagram chasing exercise. I 

We are now going to provide a model for the Poisson reduced space Afl^l :— K^^([/i])/G[^] similar to 
the one provided in the previous theorem for the optimal reduced space and in which it will be very easy 
to see how, as we proved in general in Theorem 15. 71 the optimal reduced spaces Mp are the symplectic 
leaves of the Poisson reduced spaces M^^'l. 

For the sake of simplicity, we will take in our computations the cylinder valued momentum map in 
Theorem 16. 51 for which i^o = 0, that is, 

K(5,?y) =7rc(Ad;-ir/ + ^s(?"')) -S(g,?7 + W), (5, ??) e G x g*, 710(3) = g. (6.14) 

In this situation, the non-cquivariance cocycle (|6.11() induces an afHne G-action on g* /Ti. (see Proposi- 
tion given by 

0(3,7rc(/i)) = 7rc(Ad*-i^ + //s(?"^)) = E{g,TTc{p)), (6.15) 

where g G Gs is such that t^g^) = 9 and hence K{g,r]) = Q{g,TTG{r])), {g,r]) G G x g*. 

It is easy to show that in this specific situation, the Lie algebra two-cocycle S in H4.22|l coincides 
with E and hence the Poisson structure on g*/7i introduced in Theorem 14.1|l with respect to which 

K : G X 0* g*/7Y is a Poisson map is (^g* /Ti, {•, 'l^.^^^) • 

In the next theorem we will show that the Poisson reduced space M^'^l is Poisson diffeomorphic to 
Gs ■ p + Ti. with the smooth and Poisson structures that we now discuss. 

The smooth structure of Gs ■ jJL + TL. Consider the orbit Gs • [a*] := S(Gs, [lA)- By general theory, 
Gs • is an initial submanifold of g* /TL- Since ttg : fl* — > 0*/H is a surjective submersion, the inverse 
image 7r(^^(Gs • [p]) = Gs -/i + Ti is an initial submanifold of g* by the transversality theorem for initial 
submanifolds. This is the smooth structure for Gs ■ p + Ti. that we will consider in what follows. 
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The Poisson structure of Gs'/i+Ti. Consider the Poisson manifold (g*, {•, - j^) . By Proposition l4.8l 

the symplectic leaves of this Poisson manifold are the Gs-orbits of the S-action on g*. Consequently 
Gs -ii + TC is automatically a quasi-Poisson submanifold of (g*, {•, -j^J) (see Section 4.1.21 of OR^) and 
hence a Poisson manifold on its own (see Proposition 4.1.23 of jOR04 |') with the bracket {•, .}Gs m+'H 
given by 

where /, <? G G°°(Ge • /i) and F, G G G°°(g*) are local extensions of / and g around ly e Gs ■ fi + H, 
respectively. 

Theorem 6.9 (Poisson reduction of magnetic cotangent bundles) Let (Gxg*,a;s) be the mag- 
netic cotangent bundle of the Lie group G associated to the Lie algebra two-cocycle S. Let K : G x g* — s- 
Q* /"H be the cylinder valued momentum map in Ht).14|) for the canonical lifted action of G on (Gxg*,^^). 
Then, for any /i € q* , the associated Poisson reduced space M^^l := K^^([/i])/G[^] is naturally Poisson 

diffeomorphic to {Gt. ■^l + n, {•, . 

Remark 6.10 In view of CoroUarv 16 . 41 not ice that if G is Abelian and /is(GE) is closed in g* then /is 
is a group homomorphism by Proposition l4.4l (ui) and hence 

Gs • + W = /-t + Ais(Gs) + H = 11 + /iE(Gs) = Gs • 

Consequently, by the theorems 16.71 and 16.91 the optimal and Poisson reduced spaces coincide in this 
case. 

Proof. Since 'K{g,-q) = nc (Ad*-i77 + /is(5"^)) = ^(5,77 + ^), for any (5,77) e G x g* and TTcig) = g, 
we have that 

K"^(M) = {{g, 77) e G X g* I E{g, ndv)) = T^cilJ) for any g e G^ such that -Kcig) = g} 
= {(7rG(5),S(5-\M) + '^) |?eGs,7^eH}. 
Consider the smooth surjective map 

0: k;'([m]) ^ _G,:■^l + n 

(7rG(?), 2(5-1, /i) + 7^) I — > E{g-\fi) + iy. 
The map (j) is clearly G[^] -invariant and hence it drops to a smooth surjective map 

<^:K~i([/i])/G[^] -^Gs-/i + W. 

We now show that 4> is injective. Let ttI^I (71^(5), /i) + v) and tt'^I (^TrG{h),E{h^^ , fj.) + '^'^ be 

two points in Af ['"1 such that 

S(5-i,/i) + ;. = S(/J-\/i) + iy'. (6.16) 

Applying ttq to both sides of this equality we obtain E{g^^ ,ttc{ij.)) = E{h~^ ,Trc{lJ'))- This implies that 
k :— hg^^ G (GE)7rc(A') ^"^^ hence by H6.15|l 

Qi^^G{k),^Tci^J,)) = S(fc,7rc(M)) = '^cil^) 

which guarantees that ncih'g^^) G G7rc(/^)- Therefore, by H6.16|l . ircihg^^) ■ (7rG(g), S(g-i, /i) + i/) = 

(7rG(/i),S(/J-\/i) + i''^ and hence ttI^I (7rG(?), /i) + i/) = ttI^I (^7rG(/i), /i) + j/'^ , which 

shows that is injective. A standard argument using local sections of ttg and of Gs Gs/(Gi;)[^] (see 
proof of Theorem I6.7|l shows that </) has smooth local inverses and it is hence a diffeomorphism. The 
Poisson character of </) is a straightforward verification. ■ 
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Example 6.11 An explicit example. In order to illustrate how to explicitly implement the con- 
structions introduced in this section we will carry them out for the cotangent bundle of a four-torus 
whose canonical symplectic structure has been modified with the invariant magnetic term induced by 
the Lie algebra two-cocycle S : M'' x R"' ^ M given by the matrix 

V2 \ 



J 

The entries in this matrix have been chosen in such a way that we obtain a Hamiltonian holonomy 
group that is not closed in the dual of the Lie algebra. We will compute a cylinder valued momentum 
map for the canonical T^'-action on (T*T'*, ws) as well as the associated reduced spaces that, as we will 
see, are all identical despite the non-closedness of the Hamiltonian holonomy in M'*. 

We write G :=T'^ and denote by g = M"* its Lie algebra. We start by noting that the one-dimensional 
central extension gs = R'^QR of g is integrated by the Heisenberg group Ge = R'*®R with multiplication 
given by 

(u, a) ■ (v, b) + v, a -|- 6 - ^ (u + v,a + b~ uiv^ - V2uiV4 + u^vi + \/2u4V2^ , 

with (u, a), (v, b) E Gs. An easy calculation shows that for any (u, a) € Gs and s) € gs, 

Ad(„,,)(e,s) = (C,s-E(u,e)). 

Consequently, in view of Proposition 14.41 the extended 0*-valued one-cocycle /is : Gs g* associated 
to E is given by fi^{u,a) = T,{-,u), (u, a) G Gs- Using Proposition l6.il (iii^ and Proposition 16.31 it is 
easy to see that the Hamiltonian holonomy H of our setup is given by 

n = iZ + V2Z) X {0} X Z(l, V2), 

which is clearly not closed in R"* since 7i = R x {0} x Z(l,\/2)- In order to write down a cylin- 
der valued momentum map for our example we start by noting that the map W^/Tl R^ x 
given by [a,b,c,d] i — > {b,^{d— v^c), 6^^'^+^'*'') is a group isomorphism and hence we can write 
T:c{a,b,c,d) — (^b,^{d— V2c), eT^^'^+^'^^y Consequently, since the map ttq '■ Gs ^ G is given by 

(u,a) 1-^ (e^™!, ■ • . ,6^™^), we have by Theorem that the map K : T'' x R'' ^ R^ x S"! defined 
by K.{g,ri) := TTcir] + w)) — TTciv — E(-,u)) is a cylinder valued momentum map for the T''- 
action on (T*T'', ws); in this definition, the elements g G T'^ and it G R'' are related by the equality 
g = (e^'^™^ . . . , e^'^*"'*). We can be even more specific by writing 

We now compute the reduced spaces. We start by noticing that in this particular case the Lie algebra 
n := (Lie {Ti.)) ~ {0} x M.^. The subgroup N — {e} x T'"* C T* clearly has n as Lie algebra. Let now 
[/i] e W^/n ~ R2 X 5"! be arbitrary. We have 

iV[^] = {neN\ e(n, = [fi]} = {neN\ 7^c{^lJ:(n)) = 0,^G(n) =n} = N. 

A similar computation shows that G[^] = N = A[^]. Consequently, the Poisson Afl^l and symplectic 
M[^] reduced spaces coincide. Moreover, by Theorem 16.91 thev are naturally Poisson diffeomorphic to 
Gs ■ fi + H = fi + Ais(Gs) -I- H. It can be checked that, in this particular case, Ti. C ^s(Gs) and hence, 
by Theorem 16. 71 

M + Ms(Gs) + H = Ai + Ms(Gs) ^Gt.- ^l^Mp. 

Consequently, 

M[^] = ~ Mp ~ ^ + /is(Gs) - M + (k X {0} X R(l, V2)) . 



/ -1 - 



1 
V V2 
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7 Appendix: The relation between Lie group and cylinder val- 
ued momentum maps 

The cylinder valued momentum maps are closely related to the Lie group valued momentum maps 
introduced in |McD88l [Gi92l IH.T94I lH95l IAMM98j . We give the definition of these objects only for 
Abelian symmetry groups because in the non-Abelian case these momentum maps are defined on spaces 
that are neither symplectic nor Poisson (they are referred to as quasi- Hamiltonian spaces 

Definition 7.1 Let G be an Abelian Lie group whose Lie algebra q acts canonically on the symplectic 
manifold (M, w). Let (•,•) be some bilinear symmetric nondegenerate form on the Lie algebra g. The 
map 3 : M —> G is called a G-valued momentum map for the g-action on M whenever 

^^.,Uj{m){Vm) = (T;n(ij(m)-1 ° J)(«m),0 , (7.1) 

for any ^ G g, m G M , and Vm G T^M . 

Proposition 7.2 Let G he an Abelian Lie group whose Lie algebra g acts canonically on the symplectic 
manifold (A/, w). Let 3 : M G be a G-valued momentum map for this action. 

(i) The fibers of J : M G are invariant under the Hamiltonian flows corresponding to g-invariant 
Hamiltonian functions. 

(ii) kcrT„jJ = (g • m)'^ for any m G M . 

Proof, (i) Let Ft be the flow of the Hamiltonian vector field Xh associated to a g-invariant function 
h G C°°(M)s. By the defining relation (|7.1|l of the Lie group valued momentum maps we have for any 
m G M and any ^ G g 

((7j(Ft(m))-^j(Ft(m))-i ° J) (X/j (i^t (to) )), ^) = (T>,(™) (Lj(Fj(„i))-i o 3)){Xh{Ft{m))) , Ci 

= k,MFt{mmXh{Ft{m))) = -d/i(Ft(m)))(6/(i^t(™))) = 0. 

Consequently, 

{T3(Ft(r,i))L3(Ft(ra))-^ ° 7>j („) J) (X,i (i^t (to) ) ) 

and hence Tp^(^„-i-j3{Xh{Ft{m))) ~ 0, which can be rewritten as 

|(JoFO(m) = 0. 

The arbitrary character of t and m implies that 3 o Ft — J |Dom( Ft): required. 

(ii) A vector G kerT^J if and only if TmJ(w„i) — 0. This identity is equivalent to ((7j(„i)ij(„-)-i o 
Tm3){vm), — 0' foi' C £ 3Jnd, by (|7.1|) . to ^j^,,uj{m){vm) = 0, for all ^ G g, which in turn amounts 
to G (g • m)'^. ■ 

Lie group and cylinder valued momentum maps. We start with a proposition that states that 
any cylinder valued momentum map associated to an Abelian Lie algebra action whose corresponding 
holonomy group is closed can be understood as a Lie group valued momentum map. 

Proposition 7.3 Let (M,lu) be a connected paracompact symplectic manifold and g an Abelian Lie 
algebra acting canonically on it. Let Ti. d g* be the holonomy group associated to the connection a 
in (|2.1|) and (•,•) : g x g ^ R some bilinear symmetric nondegenerate form on g. Let / : g — > g* be 
the isomorphism given by ^ i — > C £ '^'^'^ ^ •— /^^(^)- The map f induces an Abelian group 

isomorphism f : g/T — s- g* /Ti. by /(^ + T) := (^, •) + Ti.. Suppose that Ti is closed in g* and define 
3 := /^^ o K : A/ — > q/T, where K : Af — > g* /Ti is a cylinder valued momentum map for the g-action 
on [M, uj) . Then 

^^,,Uj{m){Vm) = (rm(ij(m)-i o3){v„^),i) , (7.2) 

for any ^ G and Vm G T^M . Consequently, the map 3 : M —i- g/T constitutes a g/T -valued momentum 
map for the canonical action of the Lie algebra g of {g/T, +) on {M,lu). 



Ortega and Ratiu: The reduced spaces of a symplectic Lie group action 



33 



Proof. We start by noticing that the right-hand side of (|7.2|l makes sense due to the closedness 
hypothesis on H. Indeed, this condition and the fact that H is discrete due to the flatness of a imply that 
S* /Ti, and therefore q/T, are Abelian Lie groups whose Lie algebras can be naturally identified with g* 
and 0, respectively. This identification is used in (|7.2|l . where we think of Tm(ij(-„j')-ioJ)(u„j) £ Lie(0/T) 
as an element of q. 

In what follows we will use the following notation: if /i G g* arbitrary, denote by G q the unique 
element such that fi — {^^^■). 

We now compute TmJ{vm)- Let ^ + 7i := K(to) and hence J(m) = + T. Now, by Theorem 12. II 
(ii) we have 

where the element G g* is given by 

{v^rfj ^\n„iUj{m){vm), for all 77 G 0. (7.3) 
Since (/~^ o Trc){p) = £,p +T for any p G g*, we can write 

d 



Hence, 



dt 



d 
di 



d 

di 



t=0 



Now, 



(T'm(ij(m)-i O J)(Wm),^) = (7j(„i) Lj(„j) - 1 (T^ J ^) = ^ — 

where the last equality is a consequence of (|7.3|1 . ■ 



Lie group valued momentum maps produce closed Hamiltonian holonomies. So far we have 
investigated how cylinder valued momentum maps can be viewed as Lie group valued momentum maps. 
Now we shall focus on the converse relation, that is, we shall isolate hypotheses that guarantee that a 
Lie group valued momentum map naturally induces a cylinder valued momentum map. 

Theorem 7.4 Let {M,lu) be a connected paracompact symplectic manifold and Q an Abelian Lie algebra 
acting canonically on it. Let TL <Z Q* be the Hamiltonian holonomy group associated to the connection a 
in (|2.1() associated to the ^-action and let (•,•): g x g —s- M 6e a bilinear symmetric nondegenerate form 
on g. Let / : g — > 0*, / : q/T Q* /"H, and let T := f^^{Ti) be as in the statement of Provosition VI 
Let G be a connected Abelian Lie group whose Lie algebra is and suppose that there exists a G-valued 
momentum map A : M ~* G associated to the Q-action whose definition uses the form (•, •). 



(i) If exp : — > G is the exponential map, then 

H C /(kerexp). 



(7.4) 



(ii) Ti. is closed in 0*. 

Let J :— f^^ o K : A/ — > s/T, where K : M ^ g*/^ ^•s 1 cylinder valued momentum map for the 
Q-action on (M,lu). If f (kerexp) C Ti., then J : M ^ q/T = 0/ kerexp "r^i G is a G-valued momentum 
map that differs from A. by a constant in G. 

Conversely, ifH = /(kerexp), then J : M ^ g/ kerexp ~ G is a G-valued momentum map. 
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Remark 7.5 The presence of a Lie group valued momentum map associated to a canonical Lie algebra 
action does not imply the reverse inclusion in H7.4|l . A simple example that illustrates this statement is 
the canonical action of a two torus on itself via 

where we consider the torus as a symplectic manifold with the area form. A straightforward computation 
shows that the surface 

f2 := {((e'^Se'^^),(02,O)) e x \ 0^,62 e R} , 

is the holonomy bundle containing the point ((e, e), (0, 0)) g x associated to the connection that 
defines the corresponding cylinder valued momentum map. This immediately shows that Ti. = Z x {0} 
while /(kerexp) = Z x Z which is clearly not contained in Ti. 

Proof of the theorem. We start by assuming that the g-action on (M, oj) has an associated G- valued 
momentum map A : M — > G and we will show that Ti. C /(kerexp). 

Let fj, G H. The definition of the holonomy group Ti, implies the existence of a piecewise smooth loop 
TO : [0, 1] ^ M at the point m, that is, to(0) = TO(f ) = m e M, whose horizontal lift m{t) = {m,{t), n{t)) 
starting at the point (to,0) satisfies /i = The horizontality of rh[t) implies that 

(AW,0 ^ hM^{m{t)){'m{t)) = (T„(t) (LA(m(t))-i o A) (m{t)),^) , 

for any ^ e g or, equivalently, 



Aim{t))-^ A{m{s)) 



s=0 



(7.5) 



Fix to G [0, f]. Since the exponential map exp : g ^ G is a local diffeomorphism, there exists a smooth 
curve ^ : It„ '■— {to — e,to + e) ^ g, for e > sufficiently small, such that for any s G (— e, e) 



A{m{ta + s)) = expC(to + s)A(m(to)). 



(7.6) 



We now reformulate locally the expression (|7.5|l using the function ^ : It„ —> g. Let r, ct G (— e, e) be 
such that t = to + T and s = t^ + a. Expression (|7.5|l can be rewritten in as 



dr 



da 



d 

da 
d 

da 



A{m{ta+T)) ^A{m{to + a)) 

— T / 

exp(-e(<o + r)) exp e(to + a)A{m{to jr^ A{m{to)) 
exp {^{to + a)- ^{to + r))^ = / (to exp 



d 

da 



which shows that for any t € Itg 



d 

da 



m - fm). 



{({to + a) - ^{to + t)) 

d 



dr 



(7.7) 



We now cover the interval [0, 1] with a finite number of intervals /i, . . . , /„ such that in each of them 
we define a function : — ^ g that satisfies H7.6|l and H7.7|l . We now write li = [ai,ai+i], with 
i e {1, . . . , n}, fli = 0, and a„_|_i = 1. Using these intervals, since /i(0) — 0, we can write 



^ = /i(l)= / fi{t)dt= / fi{t)dt + --- + / ii{t)dt^f[ / ^^(t)dt + --- + I £,n{t)dt 
Jo J Ii J In \Jli 

= f (6(02) - 6(ai) H h^„(a„+i) - Cn(a«)) ■ 



(7.8) 
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The construction of the intervals li, . . . ,n} implies that A(m(ai)) = exp ^^(0^) x A(m{ai)). Hence 

expf,(a,,) = e (7.9) 
and hence S,i{ai) G kerexp for alH G {1, . . . , n}. We also have that 

A(m(l)) = A(m(a„+i)) = exp$„(a„+i)A(m(a„)) = exp^„(a„+i) exp^„_i(a„)A(m(a„_i)) 

= exp^„(a„+i)exp^„_i(a„) • • • exp^i(a2)A(TO(ai)) = exp(^i(a2) H h ^„(a„+i))A(m(0)). 

Since m(0) = m(l) = m we have A(m(0)) = A(to(1)) and therefore exp(^i(a2) + • • • + Cn(an+i)) = e, 
which implies that ^1(02) + • • • + £,n{an+i) <= kercxp. If we substitute this relation and H7.9|l in H7.8I) we 
obtain that /i G /(kerexp), which proves the inclusion Ti. C /(kerexp). 

We now show that H is closed in g* . The inclusion H C /(kerexp), the closedness of kerexp in g, 
and the fact that / is an isomorphism of Lie groups imply that 

H C /(kerexp) = /(kerexp). 

Because G is Abelian, kerexp is a discrete subgroup of (g, +) and hence ?i is a discrete subgroup of g*. 
This implies that Tl C H. Indeed, for any element G 7i there exists an open neighborhood [/^ C g* 
such that U^nH — {^} {H is discrete). As ^ G H we have that ^ U^^fM-L <Z U^fMi. = {/i}, which 
implies that fi E H. This shows that Ti. — H and therefore that TC is closed in g*. 

Assume now that /(ker exp) C TC. The hypothesis on the existence of a Lie group valued momentum 
map implies, via the inclusion (|7.4|l that we just proved, that /(kerexp) = Ti. and that 7i is closed in 
g*. ProDOsition l7.3l imDlies that J : M ^ g/ kerexp ~ G is a G- valued momentum map for the g-action 
on (M,uj). We now show that A and J differ by a constant in G. The expression H7.1(l for A and (|7.2(l 
for J imply that for any ^ G and any Vm G TmM we have 

(T™(LA(m)-i o A)(u™),$) = i^^,,uj{m){vyn) (T„(ij(,„)-i o J)(u™),^) , 

which implies that TJ = TA. Since the manifold A'l is connected we have that A and J coincide up to 
a constant element in G. 

The last claim in the theorem is a straightforward corollary of Proposition [^| ■ 
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